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ZETA FUNCTIONS OF REGULAR ARITHMETIC SCHEMES AT s = 0
BAPTISTE MORIN
Abstract. In [35] Lichtenbaum conjectured the existence of a Weil-étale cohomology in or-
der to describe the vanishing order and the special value of the Zeta function of an arithmetic
scheme X at s = 0 in terms of Euler-Poincaré characteristics. Assuming the (conjectured)
finite generation of some étale motivic cohomology groups we construct such a cohomology
theory for regular schemes proper over Spec(Z). In particular, we obtain (unconditionally)
the right Weil-étale cohomology for geometrically cellular schemes over number rings. We
state a conjecture expressing the vanishing order and the special value up to sign of the Zeta
function ζ(X , s) at s = 0 in terms of a perfect complex of abelian groups RΓW,c(X ,Z). Then
we relate this conjecture to Soulé’s conjecture and to the Tamagawa number conjecture of
Bloch-Kato, and deduce its validity in simple cases.
Mathematics Subject Classification (2010): 14F20 · 14G10 · 11S40 · 11G40 · 19F27
Keywords: Weil-étale cohomology, special values of Zeta functions, motivic cohomology,
regulators
1. Introduction
In [35] Lichtenbaum conjectured the existence of a Weil-étale cohomology in order to de-
scribe the vanishing order and the special value of the Zeta function of an arithmetic scheme
at s = 0 in terms of Euler-Poincaré characteristics. More precisely, we have the following
Conjecture 1.1. (Lichtenbaum) On the category of separated schemes of finite type X →
Spec(Z), there exists a cohomology theory given by abelian groups H iW,c(X ,Z) and real vector
spaces H iW (X , R˜) and H
i
W,c(X , R˜) such that the following holds.
(1) The groups H iW,c(X ,Z) are finitely generated and zero for i large.
(2) The natural map from Z to R˜-coefficients induces isomorphisms
H iW,c(X ,Z) ⊗R ≃ H
i
W,c(X , R˜).
(3) There exists a canonical class θ ∈ H1W (X , R˜) such that cup-product with θ turns the
sequence
...
∪θ
−→ H iW,c(X , R˜)
∪θ
−→ H i+1W,c(X , R˜)
∪θ
−→ ...
into a bounded acyclic complex of finite dimensional vector spaces.
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(4) The vanishing order of the zeta function ζ(X , s) at s = 0 is given by the formula
ords=0ζ(X , s) =
∑
i≥0
(−1)i · i · rankZH
i
W,c(X ,Z)
(5) The leading coefficient ζ∗(X , 0) in the Taylor expansion of ζ(X , s) at s = 0 is given
up to sign by
Z · λ(ζ∗(X , 0)−1) =
⊗
i∈Z
detZH
i
W,c(X ,Z)
(−1)i
where λ : R
∼
→ (
⊗
i∈Z detZH
i
W,c(X ,Z)
(−1)i)⊗ R is induced by (2) and (3).
Such a cohomology theory for smooth varieties over finite fields was defined in [34], but
similar attempts to construct such cohomology groups for flat arithmetic schemes failed. In
[35] Lichtenbaum gave the first construction for number rings. He defined a Weil-étale topology
which bears the same relation to the usual étale topology as the Weil group does to the Galois
group. Under a vanishing statement, he was able to show that his cohomology miraculously
yields the value of Dedekind zeta functions at s = 0. But this cohomology with coefficients in Z
was then shown by Flach to be infinitely generated hence non-vanishing in even degrees i ≥ 4
[13]. Consequently, Lichtenbaum’s complex computing the cohomology with Z-coefficients
needs to be artificially truncated in the case of number rings, and is not helpful for flat schemes
of dimension greater than 1. However, the Weil-étale topology yields the expected cohomology
with R˜-coefficients, and this fact extends to higher dimensional arithmetic schemes [14].
The first goal of this paper is to define the right Weil-étale cohomology with Z-coefficients
for arithmetic schemes satisfying the following conjecture 1.2 (see Theorem 1.3 below), in
order to state a precise version of Conjecture 1.1. We consider a regular scheme X proper
over Spec(Z) of pure Krull dimension d, and we denote by Z(d) Bloch’s cycle complex.
Conjecture 1.2. (Lichtenbaum) The étale motivic cohomology groups H i(Xet,Z(d)) are finitely
generated for 0 ≤ i ≤ 2d.
Using some purity for the cycle complex Z(d) on the étale site (which is the key result of
[20]) we construct in the appendix a class L(Z) (see Definition 5.9) of separated schemes of
finite type over Spec(Z) satisfying Conjecture 1.2. This class L(Z) contains any geometrically
cellular scheme over a number ring (see Definition 5.13), and includes the class A(Fq) of smooth
projective varieties over Fq which can be constructed out of products of smooth projective
curves by union, base extension, blow-ups and quasi-direct summands in the category of
Chow motives (A(Fq) was introduced by Soulé in [43]).
In order to state our first main result, we need to fix some notation. For a scheme X
separated and of finite type over Spec(Z), we consider the quotient topological space X∞ :=
X (C)/GR where X (C) is endowed with the complex topology and we set X := (X ,X∞).
We denote by X et the Artin-Verdier étale topos of X which comes with a closed embedding
u∞ : Sh(X∞) → X et in the sense of topos theory, where Sh(X∞) is the category of sheaves
on the topological space X∞ (see [14] Section 4). The Weil-étale topos over the archimedean
place X∞,W is associated to the trivial action of the topological group R on the topological
space X∞ (see [14] Section 6). Our first main result is the following
Theorem 1.3. Let X be a regular scheme proper over Spec(Z). Assume that X ∈ L(Z), or
more generally that the connected components of X satisfy Conjecture 1.2. Then there exist
complexes RΓW (X ,Z) and RΓW,c(X ,Z) such that the following properties hold.
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• If X has pure dimension d, there is an exact triangle
(1) RHom(τ≥0RΓ(X ,Q(d)),Q[−2d − 2])→ RΓ(X et,Z)→ RΓW (X ,Z).
• The complex RΓW (X ,Z) is contravariantly functorial.
• There exists a unique morphism i∗∞ : RΓW (X ,Z) → RΓ(X∞,W ,Z) which renders the
following square commutative.
RΓ(X et,Z)
u∗∞

// RΓW (X ,Z)
i∗∞

RΓ(X∞,Z) // RΓ(X∞,W ,Z)
We define RΓW,c(X ,Z) so that there is an exact triangle
RΓW,c(X ,Z)→ RΓW (X ,Z)
i∗∞→ RΓ(X∞,W ,Z).
• The cohomology groups H iW (X ,Z) and H
i
W,c(X ,Z) are finitely generated for all i and
zero for i large.
• The cohomology groups H iW (X ,Z) form an integral model for l-adic cohomology: for
any prime number l and any i ∈ Z there is a canonical isomorphism
H iW (X ,Z)⊗ Zl ≃ H
i(X et,Zl).
• If X has characteristic p then there is a canonical isomorphism in the derived category
RΓ(XW ,Z)
∼
−→ RΓW (X ,Z)
where RΓ(XW ,Z) is the cohomology of the Weil-étale topos [34] and RΓW (X ,Z) is
the complex defined in this paper. Moreover the exact triangle (1) is isomorphic to
Geisser’s triangle ([18] Corollary 5.2 for G· = Z).
• If X = Spec(OF ) is the spectrum of a totally imaginary number ring then there is a
canonical isomorphism in the derived category
RΓW (X ,Z)
∼
−→ τ≤3RΓ(XW ,Z)
where τ≤3RΓ(XW ,Z) is the truncation of Lichtenbaum’s complex [35] and RΓW (X ,Z)
is the complex defined in this paper.
Theorem 1.3 is proven in 2.9, 2.10, 2.11, 2.12, 2.13, 2.15 and 3.1. Notice that the same
formalism is used to treat flat arithmetic schemes and schemes over finite fields (see [35]
Question 1 in the Introduction). The basic idea behind the proof of Theorem 1.3 can be
explained as follows. The Weil group is defined as an extension of the Galois group by the
idèle class group corresponding to the fundamental class of class field theory (more precisely,
as the limit of these group extensions). In this paper we use étale duality for arithmetic
schemes rather than class field theory, in order to obtain a canonical "extension" of the étale
Z-cohomology by the dual of motivic Q(d)-cohomology. More precisely, our Weil-étale complex
is defined as the cone of a map
αX : RHom(τ≥0RΓ(X ,Q(d)),Q[−2d − 2]) −→ RΓ(X et,Z),
where αX is constructed out of étale duality. Here the scheme X is of pure dimension d. This
idea was suggested by works of Burns [8], Geisser [18] and the author [38]. The techniques
involved in this paper rely on results due to Geisser and Levine on Bloch’s cycle complex (see
[17], [20], [21], [22] and [32]).
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From now on, Conjecture 1.1 is understood as a list of expected properties for the complex
RΓW,c(X ,Z) of Theorem 1.3. The second goal of this paper is to relate Conjecture 1.1 to
Soulé’s conjecture [42] and to the Tamagawa number conjecture of Bloch-Kato (in the formu-
lation of Fontaine and Perrin-Riou, see [15] and [16]). To this aim, we need to assume the
following conjecture, which is a special case of a natural refinement for arithmetic schemes of
the classical conjecture of Beilinson relating motivic cohomology to Deligne cohomology. Let
X be a regular, proper and flat arithmetic scheme of pure dimension d.
Conjecture 1.4. (Beilinson) The Beilinson regulator
H2d−1−i(X ,Q(d))R → H
2d−1−i
D (X/R,R(d))
is an isomorphism for i ≥ 1 and there is an exact sequence
0→ H2d−1(X ,Q(d))R → H
2d−1
D (X/R,R(d))→ CH
0(XQ)
∗
R → 0
Now we can state our second main result. If X is defined over a number ring OF we set
XF = X ⊗OF F and XF = X ⊗OF F .
Theorem 1.5. Assume that X satisfies Conjectures 1.2 and 1.4.
• Statements (1), (2) and (3) of Conjecture 1.1 hold for X .
• Assume that X is projective over Z. Then Statement (4) of Conjecture 1.1, i.e. the
identity
ords=0ζ(X , s) =
∑
i≥0
(−1)i · i · rankZH
i
W,c(X ,Z)
is equivalent to Soulé’s Conjecture [42] for the vanishing order of ζ(X , s) at s = 0.
• Assume that X is smooth projective over a number ring OF , and that the representa-
tions H i(XF,et,Ql) of GF satisfies H
1
f (F,H
i(XF ,et,Ql)) = 0. Then Statement (5) of
Conjecture 1.1, i.e. the identity
Z · λ(ζ∗(X , 0)−1) =
⊗
i∈Z
detZH
i
W,c(X ,Z)
(−1)i
is equivalent to the Tamagawa number conjecture [15] for the motive
⊕2d−2
i=0 h
i(XF )[−i].
The proof of the last statement of Theorem 1.5 was already given in [14], assuming expected
properties of Weil-étale cohomology. This proof is based on the fact that
⊗
i∈Z detZH
i
W,c(X ,Z)
(−1)i
provides the fundamental line (in the sense of [15]) with a canonical Z-structure. This result
shows that the Weil-étale point of view is compatible with the Tamagawa number conjecture
of Bloch-Kato, answering a question of Lichtenbaum (see [35] Question 2 in the Introduction).
We obtain examples of flat arithmetic schemes satisfying Conjecture 1.1.
Theorem 1.6. For any number field F , Conjecture 1.1 holds for X = Spec(OF ).
Let X be a smooth projective scheme over the number ring OX (X ) = OF , where F is an
abelian number field. Assume that XF admits a smooth cellular decomposition (see Definition
5.13) and that X ∈ L(Z) (see Definition 5.9). Then Conjecture 4.2 holds for X .
We refer to [11] for a proof of a dynamical system analogue of Conjecture 1.1.
Notations. We denote by Z the ring of integers, and by Q, Qp, R and C the fields of
rational, p-adic, real and complex numbers respectively. An arithmetic scheme is a scheme
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which is separated and of finite type over Spec(Z). An arithmetic scheme X is said to be
proper (respectively flat) if the map X → Spec(Z) is proper (respectively flat).
For a field k, we choose a separable closure k¯/k and we denote by Gk = Gal(k¯/k) the
absolute Galois group of k. For a proper scheme X over Spec(Z) we denote by X∞ := X (C)/GR
the quotient topological space of X (C) by GR where X (C) is given with the complex topology.
We consider the Artin-Verdier étale topos X et given with the open-closed decomposition of
topoi
ϕ : Xet → X et ← Sh(X∞) : u∞
where Xet is the usual étale topos of the scheme X (i.e. the category of sheaves of sets on
the small étale site of X ) and Sh(X∞) is the category of sheaves of sets on the topological
space X∞ (see [14] Section 4). For any abelian sheaf A on Xet and any n > 0 the sheaf
Rnϕ∗A is a 2-torsion sheaf concentrated on X (R). In particular, if X (R) = ∅ then ϕ∗ ≃ Rϕ∗.
For X (C) = ∅ one has Xet = X et. For T = Xet,X et or Sh(X∞), or more generally for any
Grothendieck topos T , we denote by Γ(T,−) the global section functor, by RΓ(T,−) its total
right derived functor and by H i(T,−) := H i(RΓ(T,−)) its cohomology.
Let Z(n) := zn(−, 2n−∗) be Bloch’s cycle complex (see [3], [17], [19], [31] and [32]), which
we consider as a complex of abelian sheaves on the small étale (or Zariski) site of X . For
an abelian group A we define A(n) to be Z(n) ⊗ A. Note that Z(n) is a complex of flat
sheaves, hence tensor product and derived tensor product with Z(n) agree. We denote by
H i(Xet, A(n)) the étale hypercohomology of A(n), and by H
i(X , A(n)) := H i(XZar, A(n)) its
Zariski hypercohomology. For X (R) = ∅, we still denote by A(n) = ϕ∗A(n) the push-forward
of the cycle complex A(n) on X et, and by H
i(X et, A(n)) the étale hypercohomology of A(n)
(in this paper A = Z,Z/mZ,Q or Q/Z). Notice that the complex of étale sheaves Z/mZ(n)
is not in general quasi-isomorphic to µ⊗nm [0] (however, see [17] Theorem 1.2(4)).
We denote by D the derived category of the category of abelian groups. More generally, we
write D(R) for the derived category of the category of R-modules, where R is a commutative
ring. An exact (i.e. distinguished) triangle in D(R) is (somewhat abusively) depicted as
follows
C ′ → C → C ′′
where C, C ′ and C ′′ are objects of D(R). For an object C of D(R) we write C≤n (respectively
C≥n) for the truncated complex so that H
i(C≤n) = H
i(C) for i ≤ n and H i(C≤n) = 0
otherwise (respectively so that H i(C≥n) = H
i(C) for i ≥ n and H i(C≥n) = 0 otherwise).
Let R be a principal ideal domain. For a finitely generated free R-module L of rank r, we
set detR(L) =
∧r
R L and detR(L)
−1 = HomR(detR(L), R). For a finitely generated R-module
M , one may choose a resolution given by an exact sequence 0→ L−1 → L0 →M → 0, where
L−1 and L0 are finitely generated free R-modules. Then
detR(M) := detR(L0)⊗R detR(L−1)
−1
does not depend on the resolution. If C ∈ D(R) is a complex such that H i(C) is finitely gener-
ated for all i ∈ Z and H i(C) = 0 for almost all i, we denote detR(C) :=
⊗
i∈Z detRH
i(C)(−1)
i
.
For an abelian group A we write Ator and Adiv for the maximal torsion and the maximal
divisible subgroups of A respectively, and we set Acodiv = A/Adiv and Acotor = A/Ator. We
denote by nA and An the kernel and the cokernel of the map n : A → A (multiplication by
n). We write AD = Hom(A,Q/Z) for the Pontryagin dual of a finite abelian group A.
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2. Weil-étale cohomology
2.1. The conjectures L(Xet, d) and L(Xet, d)≥0. Let X be a proper, regular and connected
arithmetic scheme of dimension d. The following conjecture is an étale version of (a special
case of) the motivic Bass Conjecture (see [26] Conjecture 37).
Conjecture 2.1. L(Xet, d) For i ≤ 2d, the abelian group H
i(Xet,Z(d)) is finitely generated.
In order to define the Weil-étale cohomology we shall consider schemes satisfying a weak
version of the previous conjecture.
Conjecture 2.2. L(Xet, d)≥0 For 0 ≤ i ≤ 2d, the abelian group H
i(Xet,Z(d)) is finitely
generated.
2.2. The morphism αX . Let X be a proper regular connected arithmetic scheme. The goal
of this section is to construct (conditionally) a certain morphism αX in the derived category
of abelian groups D, in order to define in Section 2.3 the Weil-étale complex RΓW (X ,Z) as
the cone of αX .
2.2.1. The case X (R) = ∅. In this subsection, X denotes a proper, regular and connected
arithmetic scheme of dimension d such that X (R) is empty. In particular ϕ∗ is exact (since
X (R) = ∅), hence H i(X et,Z(d)) := H
i(X et, ϕ∗Z(d)) ≃ H
i(Xet,Z(d)).
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Lemma 2.3. We have
H i(X et,Z(d)) = 0 for i > 2d+ 2
≃ Q/Z for i = 2d+ 2
= 0 for i = 2d+ 1
≃ H i(X ,Q(d)) for i < 0.
Proof. For any positive integer n and any i ∈ Z, one has
H i−1(X et,Z/nZ(d)) = Ext
i−1
X ,Z/nZ
(Z/nZ,Z/nZ(d))(2)
≃ Exti
X
(Z/nZ,Z(d))(3)
≃ H2d+2−i(X et,Z/nZ)
D(4)
where (3) and (4) are given by ([20] Lemma 2.4) and ([20] Theorem 7.8) respectively, and
H2d+2−i(X et,Z/nZ)
D denotes the Pontryagin dual of the finite group H2d+2−i(X et,Z/nZ).
The complex Z(d) consists of flat sheaves, hence tensor product and derived tensor product
with Z(d) agree. Therefore, applying Z(d) ⊗L (−) to the exact sequence 0 → Z → Q →
Q/Z→ 0 yields an exact triangle:
(5) Z(d)→ Q(d)→ Q/Z(d).
Moreover, we have H i(X et,Q(d)) ≃ H
i(X ,Q(d)) for any i (see [17] Proposition 3.6) and
H i(X ,Q(d)) = 0 for any i > 2d (see [31] Lemma 11.1). Hence (5) gives
H i(X et,Z(d)) ≃ H
i−1(X et,Q/Z(d)) ≃ lim−→H
i−1(X et,Z/nZ(d))
for i ≥ 2d+ 2. The result for i ≥ 2d+ 2 then follows from (4).
By ([24] X.6.2), the scheme X has l-cohomological dimension 2d+ 1 for any prime number
l (note that X (R) = ∅), hence (4) shows that H i(X et,Q/Z(d)) = 0 for i < 0. The result for
i < 0 now follows from H i(X et,Q(d)) ≃ H
i(X ,Q(d)) and from the exact triangle (5).
It remains to treat the case i = 2d + 1. Assume that X is flat over Z. Then we have (see
[28] Theorem 6.1(2))
(6) H2d(X ,Q(d)) ≃ CHd(X )⊗Q = 0
hence H i(X et,Q(d)) = 0 for i ≥ 2d. Here CH
d(X ) denotes the Chow group of cycles of
codimension d. We obtain
H2d+1(X et,Z(d)) ≃ H
2d(X et,Q/Z(d))
≃ lim−→ (H
1(X et,Z/nZ)
D)
≃ (lim←−Hom(π1(X et),Z/nZ))
D
≃ Hom(π1(X et)
ab, Ẑ)D
= 0
where the first isomorphism (respectively the second) is given by (5) (respectively by (4)), and
the last isomorphism follows from the fact that the abelian fundamental group π1(X et)
ab is
finite (see [28] Theorem 9.10 and [48] Corollary 3).
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Assume now that X is a smooth proper scheme over a finite field (hence X = X ). One has
H2d(Xet,Q/Z(d)) ≃ lim−→ (H
1(Xet,Z/nZ)
D)(7)
≃ lim−→ (Hom(π1(Xet),Z/nZ)
D)(8)
≃ lim−→ (CH
d(X )⊗ Z/nZ)(9)
≃ CHd(X )⊗Q/Z(10)
where (7) is given by (4) while (9) follows from class field theory (see [48] Corollary 3). The
exact triangle (5) yields an exact sequence
(11) H2d(X ,Q(d))
p
→ H2d(Xet,Q/Z(d))→ H
2d+1(Xet,Z(d))→ 0.
Moreover, the isomorphism (10) is the direct limit of the maps
CHd(X )n = H
2d(X ,Z(d))n → H
2d(X ,Z/nZ(d))→ H2d(Xet,Z/nZ(d)).
It follows that the map p in the sequence (11) can be identified with the morphism
CHd(X )⊗Q→ CHd(X )⊗Q/Z
induced by the surjection Q→ Q/Z. Hence p is surjective, since CHd(X ) is finitely generated
of rank one ([28] Theorem 6.1), so that H2d+1(Xet,Z(d)) = 0.

Notation 2.4. We set Hj(X et,Z(d))≥0 := H
j(RΓ(X et,Z(d))≥0).
Lemma 2.5. Assume that X satisfies L(Xet, d)≥0. Then the natural map
H i(X et,Z)→ Hom(H
2d+2−i(X et,Z(d))≥0,Q/Z)
is an isomorphism of abelian groups for i ≥ 1.
Proof. The map of the lemma is given by the pairing
H i(X et,Z)× Ext
2d+2−i
X
(Z,Z(d))→ H2d+2(X et,Z(d)) ≃ Q/Z.
For i = 1 the result follows from Lemma 2.3, since one hasH1(X et,Z) = Homcont(π1(X et, p),Z) =
0 because the fundamental group π1(X et, p) is profinite (hence compact).
The scheme X is connected and normal, hence H i(X et,Q) = H
i(Xet,Q) = Q, 0 for i = 0
and i ≥ 1 respectively. We obtain
H i(X et,Z) = H
i−1(X et,Q/Z) = lim−→H
i−1(X et,Z/nZ)
for i ≥ 2, since X is quasi-compact and quasi-separated. For any positive integer n the
canonical map
Ext2d+2−i
X
(Z/nZ,Z(d))×H i(X et,Z/nZ)→ Q/Z
is a perfect pairing of finite groups (see [20] Theorem 7.8). The short exact sequence
0→ Z→ Z→ Z/nZ→ 0
yields an exact sequence
Hj−1(X et,Z(d))→ H
j−1(X et,Z(d))→ Ext
j
X
(Z/nZ,Z(d))
→ Hj(X et,Z(d))→ H
j(X et,Z(d)).
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We obtain a short exact sequence
0→ Hj−1(X et,Z(d))n → Ext
j
X
(Z/nZ,Z(d))→ nH
j(X et,Z(d))→ 0
for any j. By left exactness of projective limits the sequence
0→ lim←−H
j−1(X et,Z(d))n → lim←−Ext
j
X
(Z/nZ,Z(d))→ lim←− nH
j(X et,Z(d))
is exact. The module lim←− nH
j(X et,Z(d)) vanishes for 0 ≤ j ≤ 2d + 1 since H
j(X et,Z(d)) is
assumed to be finitely generated for such j. We have lim←− nH
j(X et,Z(d)) = 0 for j < 0 since
Hj(X et,Z(d)) is uniquely divisible for j < 0 (see Lemma 2.3). This yields an isomorphism of
profinite groups
lim←−H
j−1(X et,Z(d))n
∼
→ lim←−Ext
j
X
(Z/nZ,Z(d))
∼
→ (lim−→H
2d+2−j(X et,Z/nZ))
D,
where the last isomorphism follows from the duality above (and from the fact that Extj
X
(Z/nZ,Z(d))
is finite for any n). This gives isomorphisms of torsion groups
H2d+2−(j−1)(X et,Z)
∼
→ (lim−→H
2d+2−j(X et,Z/nZ))
DD
∼
→ (lim←−H
j−1(X et,Z(d))n)
D ∼→ Hom(Hj−1(X et,Z(d))≥0,Q/Z)
for any j ≤ 2d+1 (note that 2d+2− (j − 1) ≥ 2⇔ j ≤ 2d+1). The last isomorphism above
follows from the fact that Hj(X et,Z(d)) is finitely generated for 0 ≤ j ≤ 2d and uniquely
divisible for j < 0. Hence for any i ≥ 2 the natural map
H i(X et,Z)→ Hom(H
2d+2−i(X et,Z(d))≥0,Q/Z)
is an isomorphism. 
Recall that an abelian group A is of cofinite type if A ≃ HomZ(B,Q/Z) where B is a
finitely generated abelian group. If A is of cofinite type then there exists an isomorphism
A ≃ (Q/Z)r ⊕ T , where r ∈ N and T is a finite abelian group. If X satisfies L(Xet, d)≥0 then
H i(X et,Z) is of cofinite type for i ≥ 1 by Lemma 2.5.
Theorem 2.6. Assume that X satisfies L(Xet, d)≥0. There exists a unique morphism in D
αX : RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])→ RΓ(X et,Z)
such that H i(αX ) is the following composite map
Hom(H2d+2−i(X ,Q(d))≥0,Q)
∼
→ Hom(H2d+2−i(X et,Z(d))≥0,Q)
→ Hom(H2d+2−i(X et,Z(d))≥0,Q/Z)
∼
← H i(X et,Z)
for any i ≥ 2.
Proof. In order to ease the notation, we set DX := RHom(RΓ(X ,Q(d))≥0,Q[−2d − 2]). We
consider the spectral sequence (see [45] III, Section 4.6.10)
(12) Ep,q2 =
∏
i∈Z
Extp(H i−q(DX ),H
i(X et,Z))⇒ H
p+q(RHom(DX ,RΓ(X et,Z))).
An edge morphism from (12) gives a morphism
(13) H0(RHom(DX ,RΓ(X et,Z)))→
∏
i∈Z
Ext0(H i(DX ),H
i(X et,Z))
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such that the composite map
HomD(DX ,RΓ(X et,Z)))
∼
→ H0(RHom(DX ,RΓ(X et,Z)))→
∏
i∈Z
Ext0(H i(DX ),H
i(X et,Z))
is the obvious one.
By Lemma 2.5, H i(X et,Z) is of cofinite type for i 6= 0. It follows that, if both i 6= 0
and p 6= 0, then Extp(H i−q(DX ),H
i(X et,Z)) = 0, since H
i−q(DX ) is uniquely divisible.
Indeed, Extp(H i−q(DX ), (Q/Z)
r) = 0 for p ≥ 1, since (Q/Z)r is divisible. Moreover, if T is
a finite abelian group of order n then Extp(H i−q(DX ), T ) = 0 since Ext
p(H i−q(DX ), T ) is
both uniquely divisible (since H i−q(DX ) is) and killed by n (since T is). For i = 0, one has
Extp(H0−q(DX ),H
0(X et,Z)) = 0 as long as p ≥ 2, because H
0(X et,Z) = Z has an injective
resolution of length one. In particular, Ep,q2 = 0 for p 6= 0, 1, hence the spectral sequence (12)
degenerates at E2. Moreover, one has
E1,−12 =
∏
i∈Z
Ext1(H i+1(DX ),H
i(X et,Z)) = Ext
1(H1(DX ),H
0(X et,Z)) = 0
since H1(DX ) = 0. It follows that the edge morphism (13) is an isomorphism.
For i ≤ 1, any map H i(αX ) : H
i(DX )→ H
i(X et,Z) must be trivial since H
i(DX ) = 0. For
any i ≥ 2, we consider the morphism
αiX : H
i(DX ) = Hom(H
2d+2−i(X ,Q(d))≥0,Q)
∼
→ Hom(H2d+2−i(X et,Z(d))≥0,Q)
→ Hom(H2d+2−i(X et,Z(d))≥0,Q/Z)
∼
← H i(X et,Z)
where the last isomorphism is given by Lemma 2.5. But (13) is an isomorphism, hence there
exists a unique map in D
αX : RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])→ RΓ(X et,Z)
such that H i(αX ) = α
i
X . 
2.2.2. The general case. In this subsection, we allow X (R) 6= ∅. So X denotes a proper,
regular and connected arithmetic scheme of dimension d. It is possible to define a dualizing
complex Z(d)X on X et, to prove Artin-Verdier duality in this setting and to define αX in the
very same way as in Section 2.2.1. For the sake of conciseness, we shall use a somewhat trickier
construction, which is based on Milne’s cohomology with compact support [37].
We denote by
(14) RΓˆc(Xet,F) := RΓˆc(Spec(Z)et,Rf∗F)
Milne’s cohomology with compact support, where RΓˆc(Spec(Z)et,−) is defined as in ([37]
Section II.2) and f : X → Spec(Z) is the structure map. Milne’s definition yields a canonical
map RΓˆc(Spec(Z)et,−)→ RΓ(Spec(Z)et,−) inducing
(15) RΓˆc(Xet,Z)→ RΓ(Xet,Z).
We need the following lemma.
Lemma 2.7. There is a morphism RΓˆc(Xet,Z)
c
→ RΓ(X et,Z) satisfying the following prop-
erties. The composite map
RΓˆc(Xet,Z)
c
→ RΓ(X et,Z)
ϕ∗
→ RΓ(Xet,Z)
coincides with (15), H i(c) is an isomorphism for i large and H i(c) has finite 2-torsion kernel
and cokernel for any i ∈ Z.
ZETA FUNCTIONS AT s = 0 11
Proof. Recall from ([14] Section 4) that there is an isomorphism of functors u∗∞ϕ∗ ≃ π∗α
∗
where α : Sh(GR,X (C)) → Xet and π : Sh(GR,X (C)) → Sh(X∞) are the canonical maps
while u∞ : Sh(X∞)→ X et and ϕ : Xet → X et are complementary closed and open embeddings
(see [14] Section 4). Here Sh(GR,X (C)) (respectively Sh(X∞)) denotes the topos of GR-
equivariant sheaves of sets on X (C) (respectively the topos of sheaves on X∞). It is easy to
see that α∗ sends injective abelian sheaves to π∗-acyclics ones. We obtain
u∗∞Rϕ∗ ≃ R(u
∗
∞ϕ∗) ≃ R(π∗α
∗) ≃ (Rπ∗)α
∗.
Consider the map
Rϕ∗Z→ u∞,∗u
∗
∞Rϕ∗Z ≃ u∞,∗Rπ∗Z→ u∞,∗τ
>0Rπ∗Z.
Since τ≤0Rπ∗Z is the constant sheaf Z = u
∗
∞Z put in degree 0, we obtain an exact triangle
(16) ZX → Rϕ∗Z→ u∞,∗τ
>0Rπ∗Z.
where ZX denotes the constant sheaf Z on X et. Moreover, we have RΓ(X et, u∞,∗τ
>0Rπ∗Z) ≃
RΓ(X∞, τ
>0Rπ∗Z) ≃ RΓ(X (R), τ
>0Rπ∗Z) because u∞,∗ is exact and τ
>0Rπ∗Z is concentrated
on X (R) ⊂ X∞. Therefore, applying RΓ(X et,−) to (16), we get an exact triangle
(17) RΓ(X et,Z)→ RΓ(Xet,Z)→ RΓ(X (R), τ
>0Rπ∗Z).
On the other hand there is an exact triangle
(18) RΓˆc(Xet,Z)→ RΓ(Xet,Z)→ RΓˆ(GR,X (R),Z)
where RΓˆ(GR,X (R),−) := RΓˆ(GR, (RΓ(X (R),−)) denotes equivariant Tate cohomology (which
was introduced in [44]). Notice that the canonical map RΓˆ(GR,X (C),Z)→ RΓˆ(GR,X (R),Z)
is an isomorphism [44].
We shall define below a canonical map c∞ : RΓˆ(GR,X (R),Z)→ RΓ(X (R), τ
>0Rπ∗Z) such
that H i(c∞) is an isomorphism for i large and H
i(c∞) has finite 2-torsion kernel and cokernel
for any i ∈ Z. The map c∞ is compatible (in the obvious sense) with the identity map of
RΓ(Xet,Z), hence there exists a morphism c : RΓˆc(Xet,Z)→ RΓ(X et,Z) such that (c, Id, c∞)
is a morphism of exact triangles from (18) to (17). Hence the result will follow.
It remains to define c∞. We denote by RΓ(GR,X (R),−) := RΓ(GR, (RΓ(X (R),−)) usual
equivariant cohomology. We have isomorphisms
RΓˆ(GR,X (R),Z)>d ≃ RΓ(GR,X (R),Z)>d(19)
≃ RΓ(X (R), Rπ∗Z)>d(20)
≃ RΓ(X (R), (Rπ∗Z)>0)>d(21)
≃ RΓ(X (R),RΓ(GR,Z)>0)>d(22)
≃ RΓ(X (R),RΓˆ(GR,Z)>0)>d(23)
≃ RΓ(X (R),RΓˆ(GR,Z))>d(24)
where we consider RΓˆ(GR,Z) and RΓ(GR,Z) as complexes of constant sheaves on X (R).
The canonical map RΓ(GR,X (R),Z)→ RΓˆ(GR,X (R),Z) and the corresponding morphism of
hypercohomology spectral sequences give the isomorphism (19), since X (R) is of topological
dimension d. Similarly (21) and (24) can be deduced from the corresponding morphisms of
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spectral sequences. Finally, (22) is given by (Rπ∗Z)|X (R) ≃ RΓ(GR,Z). Since GR is cyclic, we
have an isomorphism RΓˆ(GR,Z)
∼
→ RΓˆ(GR,Z)[2] in D. Applying RΓ(X (R),−) we obtain
RΓ(X (R),RΓˆ(GR,Z))
∼
−→ RΓ(X (R),RΓˆ(GR,Z))[2].
The same is true for equivariant Tate cohomology: we have an isomorphism
RΓˆ(GR,X (R),Z)
∼
−→ RΓˆ(GR,X (R),Z)[2].
Hence for any integer k ≥ 1, (24) induces an isomorphism
RΓˆ(GR,X (R),Z)>d−2k ≃ RΓ(X (R),RΓˆ(GR,Z))>d−2k.
Taking k large enough, we obtain a canonical isomorphism
(25) RΓˆ(GR,X (R),Z)>0 ≃ RΓ(X (R),RΓˆ(GR,Z))>0.
The map RΓˆ(GR,Z)→ RΓˆ(GR,Z)>0 induces
(26) RΓ(X (R),RΓˆ(GR,Z)) −→ RΓ(X (R),RΓˆ(GR,Z)>0).
Since RΓ(X (R),RΓˆ(GR,Z)>0) is acyclic in degrees ≤ 0, (26) is induced by a unique map
(27) RΓ(X (R),RΓˆ(GR,Z))>0 −→ RΓ(X (R),RΓˆ(GR,Z)>0)
and c∞ is defined as the composition
RΓˆ(GR,X (R),Z) −→ RΓˆ(GR,X (R),Z)>0
(25)
−→ RΓ(X (R),RΓˆ(GR,Z))>0
(27)
−→ RΓ(X (R),RΓˆ(GR,Z)>0) ≃ RΓ(X (R), τ
>0Rπ∗Z).

If X (R) = ∅, then the maps c and ϕ∗ of Lemma 2.7 are isomorphisms in D (this follows
from (18) and from the fact that ϕ∗ is exact in this case). Therefore, the following result
generalizes Theorem 2.6.
Proposition 2.8. Assume that X satisfies L(Xet, d)≥0. Then there exists a unique morphism
in D
αX : RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])→ RΓ(X et,Z)
such that H i(αX ) is the following composite map
Hom(H2d+2−i(X ,Q(d))≥0,Q)
∼
−→ Hom(H2d+2−i(Xet,Z(d))≥0,Q)
−→ Hom(H2d+2−i(Xet,Z(d))≥0,Q/Z)
∼
←− Hˆ ic(Xet,Z)
Hi(c)
−→ H i(X et,Z)
for any i ≥ 2.
Proof. We consider the composite map
RHomX (Z,Z(d))→ RHomSpec(Z)(Rf∗Z,Rf∗Z(d))
p
→ RHomSpec(Z)(Rf∗Z,Z(1)[−2d + 2])
q
→ RHomD(RΓˆc(Spec(Z)et,Rf∗Z),Q/Z[−2d− 2]) = RHomD(RΓˆc(Xet,Z),Q/Z[−2d − 2])
where p is induced by the push-forward map of ([20] Corollary 7.2 (b)) and q is given by
1-dimensional Artin-Verdier duality (see [37] II.2.6) since Z(1) ≃ Gm[−1] (see [20] Lemma
7.4). This composite map induces
RΓ(Xet,Z(d))≥0 → RHom(RΓˆc(Xet,Z),Q/Z[−2d − 2])
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since RΓˆc(Xet,Z) is acyclic in degrees > 2d + 2. Indeed, Hˆ
i
c(Spec(Z)et, F ) = 0 for any i > 3
and any torsion abelian sheaf F (see [37] Theorem II.3.1(b)); hence by proper base change the
hypercohomology spectral sequence associated to (14) gives Hˆ ic(Xet,Q/Z) = 0 for i > 2d+ 1.
By adjunction, we obtain the product map
(28) RΓ(Xet,Z(d))≥0 ⊗
L
Z RΓˆc(Xet,Z) −→ Q/Z[−2d− 2].
For any positive integer n and any i ∈ Z, the canonical map
(29) Ext2d+2−iX (Z/nZ,Z(d))× Hˆ
i
c(Xet,Z/nZ)→ Q/Z
is a perfect pairing of finite groups (see [20] Theorem 7.8). Note that (29) is compatible with
(28). The arguments of the proof of Lemma 2.5 show that the morphism
(30) Hˆ ic(Xet,Z)
∼
→ Hom(H2d+2−i(Xet,Z(d))≥0,Q/Z),
induced by (28), is an isomorphism of abelian groups for i ≥ 2. The argument of the proof of
Theorem 2.6 provides us with a unique map
α˜X : RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])→ RΓˆc(Xet,Z)
such that H i(α˜X ) is the following composite map
Hom(H2d+2−i(X ,Q(d))≥0,Q)
∼
→ Hom(H2d+2−i(Xet,Z(d))≥0,Q)
→ Hom(H2d+2−i(Xet,Z(d))≥0,Q/Z)
∼
← Hˆ ic(Xet,Z)
for any i ≥ 2. Then we define αX as the composite map
RHom(RΓ(X ,Q(d))≥0,Q[−δ])
α˜X−→ RΓˆc(Xet,Z)
c
−→ RΓ(X et,Z)
where c is the map of Lemma 2.7. It remains to show that αX does not depend on the
choice of c (note that c is not uniquely defined). The map ϕ∗ ◦ c is well defined (since it
coincides with (15) by Lemma 2.7), hence so is ϕ∗ ◦ αX : DX → RΓ(Xet,Z), where DX :=
RHom(RΓ(X ,Q(d))≥0,Q[−2d − 2]). By (17) and using the fact that DX is a complex of
Q-vector spaces while RΓ(X (R), τ>0Rπ∗Z) is a complex of Z/2Z-vector spaces, we see that
composition with ϕ∗ induces an isomorphism
ϕ∗◦ : HomD(DX ,RΓ(X et,Z))
∼
→ HomD(DX ,RΓ(Xet,Z))
so that αX does not depend on the choice of c. The result follows. 
2.3. The complex RΓW (X ,Z). Throughout this section X denotes a proper regular con-
nected arithmetic scheme of dimension d satisfying L(Xet, d)≥0.
Definition 2.9. There exists an exact triangle
RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])
αX−→ RΓ(X et,Z) −→ RΓW (X ,Z)
well defined up to a unique isomorphism in D. We define
H iW (X ,Z) := H
i(RΓW (X ,Z)).
The existence of such an exact triangle follows from axiom TR1 of triangulated categories.
Its uniqueness is given by Theorem 2.11 and can be stated as follows. If we have two objects
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RΓW (X ,Z) and RΓW (X ,Z)
′ given with exact triangles as in Definition 2.9, then there exists
a unique map f : RΓW (X ,Z)→ RΓW (X ,Z)
′ in D which yields a morphism of exact triangles
RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])
Id

αX // RΓ(X et,Z) //
Id

RΓW (X ,Z)
f

RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])
αX // RΓ(X et,Z) // RΓW (X ,Z)
′
Proposition 2.10. The following assertions are true.
(1) The group H iW (X ,Z) is finitely generated for any i ∈ Z. One has H
i
W (X ,Z) = 0 for
i < 0, H0W (X ,Z) = Z and H
i
W (X ,Z) = 0 for i large.
(2) If X (R) = ∅ then there is an exact sequence
0→ H i(X et,Z)codiv → H
i
W (X ,Z)→ HomZ(H
2d+2−(i+1)(X et,Z(d))≥0,Z)→ 0
for any i ∈ Z.
(3) For any X and any i ∈ Z, there is an exact sequence
0→ H i(X et,Z)codiv → H
i
W (X ,Z)→ Ker(H
i+1(αX ))→ 0
where Ker(H i+1(αX )) ⊆ HomZ(H
2d+2−(i+1)(Xet,Q(d))≥0,Q) is a Z-lattice.
Proof. In order to ease the notation we set δ := 2d + 2. The exact triangle of Defintion 2.9
yields a long exact sequence
...→ Hom(Hδ−i(X ,Q(d))≥0,Q)→ H
i(X et,Z)→ H
i
W (X ,Z)
→ Hom(Hδ−(i+1)(X ,Q(d))≥0,Q)→ H
i+1(X et,Z)→ ...
and a short exact sequence
(31) 0→ CokerH i(αX )→ H
i
W (X ,Z)→ KerH
i+1(αX )→ 0.
Assume for the moment that X (R) = ∅. For i ≥ 1, the morphism
H i(αX ) : Hom(H
δ−i(X ,Q(d))≥0,Q)→ H
i(X et,Z)
is the following composite map:
Hom(Hδ−i(X ,Q(d))≥0,Q)
∼
→ Hom(Hδ−i(X et,Z(d))≥0,Q)
→ Hom(Hδ−i(X et,Z(d))≥0,Q/Z) ≃ H
i(X et,Z)
Since Hδ−i(X et,Z(d))≥0 is assumed to be finitely generated, the image of the morphism
H i(αX ) is the maximal divisible subgroup of H
i(X et,Z), which we denote by H
i(X et,Z)div .
For i = 0 one has
H0(αX ) : 0 = Hom(H
δ(X ,Q(d)),Q) → H0(X et,Z) = Z
and Hδ−i(X ,Q(d)) = H i(X et,Z) = 0 for i < 0. We obtain
CokerH i(αX ) = H
i(X et,Z)/H
i(X et,Z)div =: H
i(X et,Z)codiv
for any i ∈ Z. By definition of αX , the kernel of H
i(αX ) can be identified with the kernel of
the map Hom(Hδ−i(X et,Z(d))≥0,Q) → Hom(H
δ−i(X et,Z(d))≥0,Q/Z). In other words, one
has
KerH i(αX ) ≃ Hom(H
δ−i(X et,Z(d))≥0,Z).
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The exact sequence (31) therefore takes the form
0→ H i(X et,Z)codiv → H
i
W (X ,Z)→ HomZ(H
2d+2−(i+1)(X et,Z(d))≥0,Z)→ 0.
We obtain the second claim of the proposition.
Assume now that X (R) 6= ∅. Then for i ≥ 2, the morphism H i(α˜X ) is the map
Hom(Hδ−i(X ,Q(d))≥0,Q)
∼
→ Hom(Hδ−i(Xet,Z(d))≥0,Q)
→ Hom(Hδ−i(Xet,Z(d))≥0,Q/Z) ≃ Hˆ
i
c(Xet,Z)
and H i(αX ) is defined as the composite map
H i(αX ) : Hom(H
δ−i(X ,Q(d))≥0,Q)
Hi(α˜X )
−→ Hˆ ic(Xet,Z) −→ H
i(X et,Z).
The same argument as in the case X (R) = ∅ shows Im(H i(α˜X )) = Hˆ
i
c(Xet,Z)div. Let us
show that h : Hˆ ic(Xet,Z)div → H
i(X et,Z)div is surjective for any i ∈ Z. This is obvious for
i ≤ 1, since H i(X et,Z)div = 0 for i ≤ 1. For i ≥ 2, the maps Hˆ
i
c(Xet,Z) → H
i(X et,Z) and
Hˆ ic(Xet,Z)div → Hˆ
i
c(Xet,Z) have both finite cokernels (note that Hˆ
i
c(Xet,Z) is of cofinite type
for i ≥ 2 by (30)). It follows immediately that the cokernel of h : Hˆ ic(Xet,Z)div → H
i(X et,Z)div
is of finite exponent and divisible, hence vanishes. So h is indeed surjective. We obtain
Im(H i(αX )) = H
i(X et,Z)div hence
CokerH i(αX ) = H
i(X et,Z)codiv
for any i ∈ Z. We now compute KerH i(αX ). By definition of α˜X , the kernel of H
i(α˜X ) can be
identified with the kernel of the map Hom(Hδ−i(Xet,Z(d))≥0,Q)→ Hom(H
δ−i(Xet,Z(d))≥0,Q/Z).
Hence one has
(32) KerH i(α˜X ) ≃ Hom(H
δ−i(Xet,Z(d))≥0,Z).
We denote by Ti the kernel of the surjective map h : Hˆ
i
c(Xet,Z)div → H
i(X et,Z)div so that
there is an exact sequence
(33) 0 −→ Ti −→ Hˆ
i
c(Xet,Z)div
h
−→ H i(X et,Z)div −→ 0.
Consider the obvious injective map f : KerH i(α˜X )→ KerH
i(αX ), and the following morphism
of exact sequences:
0 // KerH i(α˜X ) //
f

Hom(Hδ−i(X ,Q(d))≥0,Q)
Hi(α˜X )//
=

Hˆ ic(Xet,Z)div
h

// 0
0 // KerH i(αX ) // Hom(H
δ−i(X ,Q(d))≥0,Q)
Hi(αX )// H i(X et,Z)div // 0
The snake lemma then yields an isomorphism Ti = Ker(h) ≃ Coker(f). Using (32), we obtain
an exact sequence
0→ Hom(Hδ−i(Xet,Z(d))≥0,Z)→ KerH
i(αX )→ Ti → 0.
Moreover, Ti is finite and 2-torsion. We obtain the third claim of the proposition.
It follows from the third claim that H iW (X ,Z) is finitely generated for any i ∈ Z. Indeed,
KerH i+1(αX ) is finitely generated since it is a Z-lattice in a finite dimensional Q-vector space.
Moreover, Hˆ ic(Xet,Z) is of cofinite type for i ≥ 2 and finitely generated for i ≤ 1. Hence
Hˆ ic(Xet,Z)codiv is finite for any i ∈ Z and so is H
i(X et,Z)codiv by (33).
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Moreover, one has H i(X et,Z) = 0 for i < 0 and H
0(X et,Z) = Z. Moreover one has
H i(X et,Z) ≃ Hˆ
i
c(Xet,Z) for i large (by Lemma 2.7) and Hˆ
i
c(Xet,Z) = 0 for i > 2d+2 by (30),
henceH i(X et,Z) = 0 for i large. Finally, KerH
i+1(αX ) ⊂ Hom(H
2d+2−(i+1)(X ,Q(d))≥0,Q) =
0 for i ≤ 0 as well as for i ≥ 2d+ 2. The first claim of the proposition follows.

Theorem 2.11. Let f : X → Y be a morphism of relative dimension c between proper
regular connected arithmetic schemes, such that L(Xet, dX )≥0 and L(Yet, dY)≥0 hold, where
dX (respectively dY) denotes the dimension of X (respectively of Y). We choose complexes
RΓW (X ,Z) and RΓW (Y,Z) as in Definition 2.9. Assume either that c ≥ 0 or that L(Xet, dX )
holds.
Then there exists a unique map in D
f∗W : RΓW (Y ,Z)→ RΓW (X ,Z)
which sits in a morphism of exact triangles
RHom(RΓ(X ,Q(dX ))≥0,Q[−2dX − 2]) // RΓ(X et,Z) // RΓW (X ,Z)
RHom(RΓ(Y,Q(dY ))≥0,Q[−2dY − 2]) //
OO
RΓ(Yet,Z) //
f∗et
OO
RΓW (Y ,Z)
f∗W
OO
In particular, if X satisfies L(Xet, dX )≥0 then RΓW (X ,Z) is well defined up to a unique
isomorphism in D.
Proof. Let X and Y be connected, proper and regular arithmetic schemes of dimension dX and
dY respectively. We set δX := 2dX + 2 and δY := 2dY + 2. We choose complexes RΓW (X ,Z)
and RΓW (Y,Z) as in Definition 2.9. Let f : X → Y be a morphism of relative dimension
c = dX − dY . The morphism f is proper and the map
zn(X , ∗)→ zn−c(Y, ∗)
induces a morphism
f∗Q(dX )→ Q(dY))[−2c]
of complexes of abelian Zariski sheaves on Y. We need to see that
(34) f∗Q(dX ) ≃ Rf∗Q(dX ).
Localizing over the base, it is enough to show this fact for f a proper map over a discrete
valuation ring. Over a discrete valuation ring, Zariski hypercohomology of the cycle complex
coincides with its cohomology as a complex of abelian group (see [32] and [17] Theorem 3.2).
This yields (34) and a morphism of complexes
RΓ(X ,Q(dX )) ≃ RΓ(Y, f∗Q(dX ))→ RΓ(Y,Q(dY ))[−2c].
If c ≥ 0 this induces a morphism
RΓ(X ,Q(dX ))≥0 → RΓ(Y,Q(dY ))≥0[−2c].
If c < 0 then L(Xet, dX ) holds by assumption. It follows that H
i(X ,Q(dX )) = 0 for i < 0.
Indeed, we have H i(Xet,Z(d)) ≃ H
i(X ,Q(dX )) for i < 0 (by Lemma 2.3 for X (R) = ∅ and by
(29) for the general case). Hence for i < 0, H i(X ,Q(dX )) ≃ H
i(Xet,Z(d)) is both uniquely
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divisible and finitely generated by L(Xet, dX ), hence must be trivial. So we may consider the
map
RΓ(X ,Q(dX ))≥0
∼
← RΓ(X ,Q(dX ))→ RΓ(Y,Q(dY))[−2c]→ RΓ(Y,Q(dY ))≥0[−2c].
In both cases we get a morphism
RHom(RΓ(Y,Q(dY ))≥0,Q[−δY ])→ RHom(RΓ(X ,Q(dX ))≥0,Q[−δX ])
such that the following square is commutative:
RHom(RΓ(Y,Q(dY ))≥0,Q[−δY ])
αY //

RΓ(Yet,Z)

RHom(RΓ(X ,Q(dX ))≥0,Q[−δX ])
αX // RΓ(X et,Z)
Showing that the diagram above is indeed commutative is tedious but straightforward, using
the push-forward map defined in [20] Corollary 7.2 (b). Hence there exists a morphism
f∗W : RΓW (Y ,Z)→ RΓW (X ,Z)
inducing a morphism of exact triangles. We claim that such a morphism f∗W is unique. In
order to ease the notations, we set
DX := RHom(RΓ(X ,Q(dX ))≥0,Q[−δX ]) and DY := RHom(RΓ(Y,Q(dY ))≥0,Q[−δY ]).
The complexes RΓW (X ,Z) and RΓW (Y ,Z) are both perfect complexes of abelian groups,
since they are bounded complexes with finitely generated cohomology groups. Applying the
functor HomD(−,RΓW (X ,Z)) to the exact triangle
DY → RΓ(Yet,Z)→ RΓW (Y ,Z)→ DY [1]
we obtain an exact sequence of abelian groups:
HomD(DY [1],RΓW (X ,Z))→ HomD(RΓW (Y ,Z),RΓW (X ,Z))
→ HomD(RΓ(Yet,Z),RΓW (X ,Z)).
On the one hand, HomD(DY [1],RΓW (X ,Z)) is uniquely divisible since DY [1] is a complex
of Q-vector spaces. On the other hand, the abelian group HomD(RΓW (Y ,Z),RΓW (X ,Z)) is
finitely generated as it follows from the spectral sequence∏
i∈Z
Extp(H iW (Y,Z),H
q+i
W (X ,Z))⇒ H
p+q(RHom(RΓW (Y ,Z),RΓW (X ,Z)))
since RΓW (X ,Z) and RΓW (Y ,Z) are both perfect. Hence the morphism
HomD(RΓW (Y ,Z),RΓW (X ,Z))→ HomD(RΓ(Yet,Z),RΓW (X ,Z))
is injective, which implies the uniqueness of the morphism f∗W sitting in the morphism of exact
triangles of the theorem.
Assume now that X satisfies L(Xet, dX )≥0, and let RΓW (X ,Z) and RΓW (X ,Z)
′ be two
complexes given with exact triangles as in Definition 2.9. Then the identity map Id : X → X
induces a unique isomorphism RΓW (X ,Z) ≃ RΓW (X ,Z)
′ in D.

We denote by H icont(X et,Zl) := H
i(R lim←−RΓ(X et,Z/l
νZ)) continuous l-adic cohomology.
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Corollary 2.12. Let X be a proper regular connected arithmetic scheme of dimension d sat-
isfying L(Xet, d)≥0. For any prime number l and any i ∈ Z, there is an isomorphism
H iW (X ,Z)⊗ Zl ≃ H
i
cont(X et,Zl).
Proof. Consider the exact triangle
RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])→ RΓ(X et,Z)→ RΓW (X ,Z)
Let n be any positive integer. Applying the functor −⊗LZ Z/nZ we obtain an isomorphism
RΓ(X et,Z/nZ) ≃ RΓ(X et,Z)⊗
L
Z Z/nZ
∼
−→ RΓW (X ,Z)⊗
L
Z Z/nZ
since RHom(RΓ(X ,Q(dX ))≥0,Q[−2d− 2]) ⊗
L
Z Z/nZ ≃ 0. Let l be a prime number and let ν
be a positive integer. We obtain a short exact sequence
(35) 0→ H iW (X ,Z)lν → H
i(X et,Z/l
νZ)→ lνH
i+1
W (X ,Z)→ 0
for any i ∈ Z. By left exactness of projective limits we get
0→ lim←−H
i
W (X ,Z)lν → lim←−H
i(X et,Z/l
νZ)→ lim←− l
νH i+1W (X ,Z).
But lim←− l
νH i+1W (X ,Z) = 0 since H
i+1
W (X ,Z) is finitely generated. Moreover, we have
H icont(X et,Zl) ≃ lim←−H
i(X et,Z/l
νZ)
since H i(X et,Z/l
νZ) is finite by (35). 
2.4. Relationship with Lichtenbaum’s definition over finite fields. Let Y be a scheme
of finite type over a finite field k. We denote by Gk and Wk the Galois group and the Weil
group of k respectively. The (small) Weil-étale topos Y smW is the category of Wk-equivariant
sheaves of sets on the étale site of Y ⊗k k. The big Weil-étale topos is defined [14] as the fiber
product
YW := Yet ×Spec(Z)et
Spec(Z)W ≃ Yet ×BsmGk
BWk
where BsmGk (resp. BWk) denotes the small classifying topos of Gk (resp. the big classifying
topos of Wk). The topoi YW and Y
sm
W are cohomologically equivalent (see [14] Corollary 2).
Therefore, by [18] one has an exact triangle in the derived category of abelian sheaves on Yet
Z→ Rγ∗Z→ Q[−1]→ Z[1]
where γ : YW → Yet is the first projection. Applying RΓ(Yet,−) and rotating, we get
RΓ(Yet,Q[−2])
aY→ RΓ(Yet,Z)→ RΓ(YW ,Z)→ RΓ(Yet,Q[−2])[1].
Theorem 2.13. Let Y be a d-dimensional connected projective smooth scheme over k satis-
fying L(Yet, d)≥0. Then there is an isomorphism in D
(36) RΓ(YW ,Z)
∼
−→ RΓW (Y,Z)
where RΓ(YW ,Z) is the cohomology of the Weil-étale topos and RΓW (Y,Z) is the complex
defined in this paper. Moreover, the exact triangle of Definition 2.9 is isomorphic to Geisser’s
triangle ([18] Corollary 5.2).
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Proof. We shall define a commutative square in D
RΓ(Yet,Q[−2])
≃

aY // RΓ(Yet,Z)
Id

RHom(RΓ(Y,Q(d))≥0,Q[−2d− 2])
αY // RΓ(Yet,Z)
where the vertical maps are isomorphisms. The existence of the isomorphism (36) and the
compatibility with Geisser’s triangle ([18] Corollary 5.2 for G· = Z) will immediately follow.
Moreover, the uniqueness of (36) will follow from the argument of the proof of Theorem 2.11.
One is therefore reduced to define the commutative square above. Replacing k with a finite
extension if necessary, one may suppose that Y is geometrically connected over k. One has
H2d(Y,Q(d)) = CHd(Y )Q ≃ Q ([28] Theorem 6.1) and H
i(Y,Q(d)) = 0 for i > 2d. This
yields a map RΓ(Y,Q(d))→ Q[−2d]. The morphism
RHomY (Q,Q(d))→ RHom(RΓ(Y,Q),RΓ(Y,Q(d)))→ RHom(RΓ(Y,Q),Q[−2d])
induces a morphism
(37) RΓ(Yet,Q) ≃ RΓ(Y,Q)→ RHom(RΓ(Y,Q(d))≥0,Q[−2d]).
It follows from Conjecture L(Yet, d)≥0, Lemma 2.5 and from the fact that H
i(Yet,Z) is finite
for i 6= 0, 2, that the group H i(Yet,Z(d))≥0 is finite for i 6= 2d, 2d+2 and torsion for i 6= 2d+2.
It follows easily that (37) is a quasi-isomorphism.
It remains to check the commutativity of the square above. The complex
DY := RHom(RΓ(Y,Q(d))≥0,Q[−2d− 2]) ≃ RΓ(Yet,Q[−2])
is concentrated in degree 2. It follows that both aY and αY uniquely factor through the
truncated complex RΓ(Yet,Z)≤2. It is therefore enough to show that the square
RΓ(Yet,Q[−2])

// RΓ(Yet,Z)≤2
Id

RHom(Γ(Y,Q(d))≥0,Q[−2d− 2]) // RΓ(Yet,Z)≤2
commutes. The exact triangle
Z[0]→ RΓ(Yet,Z)≤2 → π1(Yet)
D[−2]→ Z[1]
induces an exact sequence of abelian groups
HomD(DY ,Z[0])→ HomD(DY ,RΓ(Yet,Z)≤2)→ HomD(DY , π1(Yet)
D[−2])
which shows that the map
HomD(DY ,RΓ(Yet,Z)≤2)→ HomD(DY , π1(Yet)
D[−2])
is injective. Indeed, Z[0] ≃ [Q → Q/Z] has an injective resolution of length one and DY is
concentrated in degree 2, hence HomD(DY ,Z[0]) = 0. In view of the quasi-isomorphism
DY ≃ Hom(H
2d(Y,Q(d)),Q)[−2] ≃ H0(Y,Q)[−2],
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one is reduced to show the commutativity of the following square (of abelian groups):
H0(Yet,Q)

d0,12 // H2(Yet,Z)
Id

Hom(H2d(Y,Q(d)),Q)
H2(αY )// H2(Yet,Z)
By construction the map H2(αY ) is the following composition
Hom(H2d(Y,Q(d)),Q) ≃ Hom(CHd(Y ),Q)→ Hom(CHd(Y ),Q/Z)
∼
← π1(Yet)
D ≃ H2(Yet,Z)
where the isomorphism CHd(Y )D
∼
← π1(Yet)
D is the dual of the map CHd(Y ) → π1(Yet)
ab
given by class field theory, which is injective with dense image (see [48] Corollary 3). The top
horizontal map in the last commutative square is the differential d0,12 of the spectral sequence
H i(Yet, R
j(γ∗)Z)⇒ H
i+j(YW ,Z).
There is a canonical isomorphism
H0(Yet, R
1(γ∗)Z) = lim−→k′/k Hom(Wk
′ ,Z) = Hom(Wk,Q),
k′/k runs over the finite extensions of k, as it follows from the isomorphism of pro-discrete
groups π1(Y
′
W , p) ≃ π1(Y
′
et, p)×Gk Wk, which is valid for any Y
′ connected étale over Y . Then
the left vertical map in the last square above is the map
deg∗ : Hom(Wk,Q)→ Hom(CH
d(Y ),Q)
induced by the degree map
deg : CHd(Y )→ Z ≃Wk
and the differential d0,12 is the following map:
Hom(Wk,Q) = Hom(π1(YW , p),Q)→ Homc(π1(YW , p),Q/Z) ≃ π1(Yet, p)
D
where Homc(−,−) denotes the group of continuous morphisms. One is therefore reduced to
observe that the square
Hom(Wk,Q)
deg∗

d0,12 // π1(Yet)
D
Id

Hom(CHd(Y ),Q)
H2(αY )// π1(Yet)
D
commutes.

We shall need the following result in Section 4.3.
Proposition 2.14. Let f : Y → X be a morphism of proper regular arithmetic schemes, such
that X is flat over Spec(Z) and Y has characteristic p. Assume that X has pure dimension d
and that L(Xet, d)≥0 holds. Then there exists a unique map in D
f˜∗W : RΓW (X ,Z)→ RΓ(YW ,Z)
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which renders the following square commutative
RΓ(Yet,Z) // RΓ(YW ,Z)
RΓ(X et,Z) //
f∗et
OO
RΓW (X ,Z)
f˜∗W
OO
where f∗et is induced by the map Yet → X et and RΓ(YW ,Z) is the cohomology of the Weil-étale
topos.
Proof. We shall define a morphism of exact triangles
RΓ(Y,Q)[−2]
aY // RΓ(Yet,Z) // RΓ(YW ,Z)
RHom(RΓ(X ,Q(d))≥0,Q[−δ])
αX //
0
OO
RΓ(X et,Z) //
f∗et
OO
RΓW (X ,Z)
OO
where the left vertical map is the zero map and δ := 2d + 2. The existence of f˜∗W will follow
from the commutativity of the left square and the uniqueness of f˜∗W will follow from the facts
that RΓ(YW ,Z) and RΓW (X ,Z) are both perfect (by [34] Theorem 7.4 and Proposition 2.10
respectively) and that RHom(RΓ(X ,Q(d))≥0,Q[−δ]) is a complex of Q-vector spaces, as in
the proof of Theorem 2.11.
In order to show that such a morphism of exact triangles does exist, we only need to check
that the composite map
(38) RHom(RΓ(X ,Q(d))≥0,Q[−δ])
αX−→ RΓ(X et,Z)
f∗et−→ RΓ(Yet,Z)
is the zero map. The complex of Q-vector spaces DX := RHom(RΓ(X ,Q(d))≥0,Q[−δ]) is
concentrated in degrees ≥ 3, because X is flat (see (6)). Moreover, we have H0(Yet,Z) =
Zπ0(Y ), H1(Yet,Z) = 0, H
2(Yet,Z) ≃ (Q/Z)
π0(Y ) ⊕ A is the direct sum of a divisible group
and a finite group A, and H i(Yet,Z) is finite for i > 2. The spectral sequence∏
i∈Z
Extp(H i(DX ),H
q+i(Yet,Z))⇒ H
p+q(RHom(DX ,RΓ(Yet,Z)))
then shows that
HomD(DX ,RΓ(Yet,Z)) = H
0(RHom(DX ,RΓ(Yet,Z))) = 0.
Hence (38) must be the zero map, and the result follows. 
In cases where Theorem 2.11 and Proposition 2.14 both apply, we have a commutative
diagram:
RΓW (X ,Z)
f˜∗W //
f∗W ''❖❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
RΓ(YW ,Z)
≃

RΓW (Y,Z)
where f∗W is the map defined in Theorem 2.11, f˜
∗
W is the map defined in Proposition 2.14 and
the vertical isomorphism is defined in Theorem 2.13. Indeed, up to the identification given by
Theorem 2.13, the map f∗W sits in the commutative square of Proposition 2.14, hence must
coincide with f˜∗W .
22 BAPTISTE MORIN
2.5. Relationship with Lichtenbaum’s definition for number rings. In this section
we consider a totally imaginary number field F and we set X = Spec(OF ). The complex
RΓW (X ,Z) is well defined since L(Xet,Z(1)) holds (see Theorem 5.1).
Theorem 2.15. There is a canonical isomorphism in D
RΓW (X ,Z)
∼
−→ RΓ(XW ,Z)≤3
where RΓ(XW ,Z)≤3 is the truncation of Lichtenbaum’s complex [35] and RΓW (X ,Z) is the
complex defined in this paper.
Proof. By [38] Theorem 9.5, we have a quasi-isomorphism
RΓ(X et, RZ)
∼
−→ RΓ(XW ,Z)
inducing
(39) RΓ(X et, RWZ)
∼
−→ RΓ(XW ,Z)≤3
where RZ is the complex defined in [38] Theorem 8.5 and RWZ := RZ≤2. The complex
RΓ(XW ,Z), defined in [35], is the cohomology of the Weil-étale topos XW which is defined in
[39]. We have an exact triangle
Z[0]→ RWZ→ R
2
WZ[−2]
in the derived category of étale sheaves on X . Rotating and applying RΓ(X et,−) we get an
exact triangle
RΓ(X et, R
2
WZ)[−3]→ RΓ(X et,Z)→ RΓ(X et, RWZ).
We have canonical quasi-isomorphisms (see [38] Theorem 9.4 and [38] Isomorphism (35))
RΓ(X et, R
2
WZ)[−3] ≃ HomZ(O
×
F ,Q)[−3] ≃ RHom(RΓ(X ,Q(1)),Q[−4]).
It follows that the morphism RΓ(X et, R
2
WZ)[−3]→ RΓ(X et,Z) in the triangle above is deter-
mined by the induced map
HomZ(O
×
F ,Q) = H
0(X et, R
2
WZ)→ H
3(X et,Z) = HomZ(O
×
F ,Q/Z)
and so is the morphism αX . In both cases this map is the obvious one. Hence the square
RΓ(X et, R
2
WZ)[−3]
// RΓ(X et,Z)
RHom(RΓ(X ,Q(1)),Q[−4]) //
≃
OO
RΓ(X et,Z)
Id
OO
is commutative. Hence there exists an isomorphism RΓW (X ,Z) ≃ RΓ(X et, RWZ). The
uniqueness of this isomorphism can be shown as in the proof of Theorem 2.11. Composing
this isomorphism with (39), we obtain the result. 
3. Weil-étale Cohomology with compact support
We recall below the definition given in [14] of the Weil-étale topos and some results concern-
ing its cohomology with R˜-coefficients. Then we define Weil-étale cohomology with compact
support and Z-coefficients and we study the expected map from Z to R-coefficients.
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3.1. Cohomology with R˜-coefficients. Let X be any proper regular connected arithmetic
scheme. The Weil-étale topos is defined as a 2-fiber product of topoi
XW := X et ×Spec(Z)et
Spec(Z)W .
There is a canonical morphism
f : XW → Spec(Z)W → BR
where BR is Grothendieck’s classifying topos of the topological group R (see [24] or [14]).
Consider the sheaf yR on BR represented by R with the standard topology and trivial R-
action. Then one defines the sheaf
R˜ := f∗(yR)
on XW . By [14], the following diagram consists of two pull-back squares of topoi, and the
rows give open-closed decompositions:
XW

φ // XW

X∞,W

i∞oo
Xet
ϕ // X et Sh(X∞)
u∞oo
Here the map
XW := X et ×Spec(Z)et
Spec(Z)W −→ X et
is the first projection, Sh(X∞) is the category of sheaves on the space X∞ and
X∞,W = BR × Sh(X∞)
where the product is taken over the final topos. As shown in [14], the topos XW has the right
R˜-cohomology with and without compact supports. We have
RΓW (X , R˜) := RΓ(XW , R˜) ≃ RΓ(BR, R˜) ≃ R[−1]⊕ R.
Concerning the cohomology with compact support, one has
(40) RΓW,c(X , R˜) := RΓ(XW , φ!R˜) ≃ RΓ(X et, ϕ!R)[−1]⊕ RΓ(X et, ϕ!R)
where the complex RΓc(Xet,R) := RΓ(X et, ϕ!R) is quasi-isomorphic to
Cone(R[0]→ RΓ(X∞,R))[−1].
Cup-product with the fundamental class θ ∈ H1(XW , R˜) yields a morphism
(41) ∪ θ : RΓW,c(X , R˜)→ RΓW,c(X , R˜)[1]
such that the induced sequence
...→ H i−1W,c(X , R˜)→ H
i
W,c(X , R˜)→ H
i+1
W,c(X , R˜)→
is a bounded acyclic complex of finite dimensional R-vector spaces. In view of RΓW,c(X , R˜)[1] =
RΓ(X et, ϕ!R)⊕ RΓ(X et, ϕ!R)[1], the map (41) is simply given by projection and inclusion
RΓW,c(X , R˜)։ RΓ(X et, ϕ!R) →֒ RΓW,c(X , R˜)[1].
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3.2. Cohomology with Z-coefficients. In the remaining part of this section, X denotes a
proper regular connected arithmetic scheme of dimension d satisfying L(Xet, d)≥0. If X has
characteristic p then we set RΓW,c(X ,Z) := RΓW (X ,Z) and the cohomology with compact
support is defined as H iW,c(X ,Z) := H
i
W (X ,Z). The case when X is flat over Z is the case of
interest. The closed embedding u∞ : Sh(X∞)→ Xet induces a morphism u
∗
∞ : RΓ(X et,Z)→
RΓ(X∞,Z).
Proposition 3.1. There exists a unique morphism i∗∞ : RΓW (X ,Z) → RΓ(X∞,W ,Z) which
makes the following diagram commutative:
RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])

// RΓ(X et,Z)
u∗∞

// RΓW (X ,Z)
∃ ! i∗∞

0 // RΓ(X∞,Z) // RΓ(X∞,W ,Z)
Proof. Recall from [14] that the second projection
X∞,W := BR × Sh(X∞)→ Sh(X∞) = X∞,et
induces a quasi-isomorphism RΓ(X∞,Z)
∼
−→ RΓ(X∞,W ,Z). Hence the existence of the map
i∗∞ will follow (Axiom TR3 of triangulated categories) from the fact that the map
(42) β : RHom(RΓ(X ,Q(d))≥0,Q[−2d− 2])
αX−→ RΓ(X et,Z)
u∗∞−→ RΓ(X∞,Z)
is the zero map. Again, we set DX = RHom(RΓ(X ,Q(d))≥0,Q[−2d − 2]) for brevity. Then
the uniqueness of i∗∞ follows from the exact sequence
HomD(DX [1],RΓ(X∞,W ,Z))
0
→ HomD(RΓW (X ,Z),RΓ(X∞,W ,Z))
→ HomD(RΓ(X et,Z),RΓ(X∞,W ,Z)),
whose exactness follows from the fact that HomD(DX [1],RΓ(X∞,W ,Z)) is divisible while
HomD(RΓW (X ,Z),RΓ(X∞,W ,Z)) is finitely generated.
It remains to show that the morphism (42) is indeed trivial. Since DX is a bounded complex
of Q-vector spaces acyclic in degrees < 2, one can choose a (non-canonical) isomorphism
DX ≃
⊕
k≥2H
k(DX )[−k]. Then β is identified with the collection of maps (βk)k≥2 in D, with
βk : H
k(DX )[−k]→
⊕
k≥2
Hk(DX )[−k] ≃ DX → RΓ(X∞,Z).
It is enough to show that βk = 0 for k ≥ 2. We fix such a k, and we consider the spectral
sequence
Ep,q2 = Ext
p(HkDX ,H
q+k(X∞,Z))⇒ H
p+q(RHom(Hk(DX )[−k],RΓ(X∞,Z))).
The group HkDX is uniquely divisible and H
q+k(X∞,Z) is finitely generated (hence has an
injective resolution of length 1), so that Extp(Hk(DX ),H
q+k(X∞,Z)) = 0 for p 6= 1. Hence
the spectral sequence above degenerates and gives a canonical isomorphism
HomD(H
kDX [−k],RΓ(X∞,Z)) ≃ Ext
1(HkDX ,H
k−1(X∞,Z)).
Moreover, the long exact sequence for Ext∗(HkDX ,−) yields
Ext1(HkDX ,H
k−1(X∞,Z)) ≃ Ext
1(HkDX ,H
k−1(X∞,Z)cotor)
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since the maximal torsion subgroup of Hk−1(X∞,Z) is finite and H
kDX is uniquely divisible.
The short exact sequence
0→ Hk−1(X∞,Z)cotor → H
k−1(X∞,Q)→ H
k−1(X∞,Q/Z)div → 0
is an injective resolution of the Z-module Hk−1(X∞,Z)cotor. This yields an exact sequence
0→ Hom(HkDX ,H
k−1(X∞,Q))→ Hom(H
kDX ,H
k−1(X∞,Q/Z)div)
→ Ext1(HkDX ,H
k−1(X∞,Z)cotor)→ 0.
Let us define a natural lifting
β˜k ∈ Hom(H
kDX ,H
k−1(X∞,Q/Z)div)
of βk ∈ Ext
1(HkDX ,H
k−1(X∞,Z)cotor) and show that this lifting β˜k is already zero. One
can assume k ≥ 2. Recall that HkDX = Hom(H
δ−k(X ,Q(d))≥0,Q). We have the following
commutative diagram:
Hom(Hδ−k(X ,Q(d))≥0,Q)

Hk(αX )
**❚❚❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
❚
Hk−1(X et,Q/Z)

≃ // Hk(X et,Z)

Hk−1(XQ, et,Q/Z)

≃ // Hk(XQ, et,Z)

Hk−1(XQ, et,Q/Z)
≃

≃ // Hk(XQ, et,Z)

Hk−1(X (C),Q) // Hk−1(X (C),Q/Z) // Hk(X (C),Z)
The morphism given by the central column of the diagram above factors through
Hk−1(X∞,Q/Z)div ⊆ H
k−1(X∞,Q/Z)→ H
k−1(X (C),Q/Z)
and yields the desired lifting
β˜k : Hom(H
δ−k(X ,Q(d))≥0,Q)→ H
k−1(X∞,Q/Z)div .
Here the morphism
(43) Hk−1(X∞,Q/Z)→ H
k−1(X (C),Q/Z)
is induced by the projection X (C) → X∞. Using standard spectral sequences for equivariant
cohomology, it is easy to see that the kernel of the morphism (43) is of finite exponent (more
precisely, this kernel is finite and killed by a power of 2). It follows that β˜k = 0 if and only if
the map
(44) Hom(Hδ−k(X ,Q(d))≥0,Q)→ H
k−1(X (C),Q/Z),
given by the central column of the previous diagram, is the zero map. Moreover, the map
Hk−1(XQ, et,Q/Z)→ H
k−1(XQ, et,Q/Z)
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factors through Hk−1(XQ, et,Q/Z)
GQ hence so does the map (44). In order to show that β˜k = 0
it is therefore enough to show that
(Hk−1(XQ, et,Q/Z)
GQ)div =
⊕
l
(Hk−1(XQ, et,Ql/Zl)
GQ)div = 0.
Let l be a fixed prime number. Let U ⊆ Spec(Z) on which l is invertible and such that
XU → U is smooth. Let p ∈ U . By smooth and proper base change we have:
Hk−1(XQ, et,Ql/Zl)
Ip ≃ Hk−1(XFp, et,Ql/Zl).
Recall that Hk−1(XFp, et,Zl) is a finitely generated Zl-module. We have an exact sequence
0→ Hk−1(XFp, et,Zl)cotor → H
k−1(XFp, et,Ql)→ H
k−1(XFp, et,Ql/Zl)div → 0.
We get
0→ (Hk−1(XFp, et,Zl)cotor)
GFp → Hk−1(XFp, et,Ql)
GFp
→ (Hk−1(XFp, et,Ql/Zl)div)
GFp → H1(GFp ,H
k−1(XFp, et,Zl)cotor).
Again, H1(GFp ,H
k−1(XFp, et,Zl)cotor) is a finitely generated Zl-module, hence we get a sur-
jective map
Hk−1(XFp, et,Ql)
GFp → ((Hk−1(XFp, et,Ql/Zl)div)
GFp )div → 0.
Note that
((Hk−1(XFp, et,Ql/Zl)div)
GFp )div = (H
k−1(XFp, et,Ql/Zl)
GFp )div.
But Hk−1(XFp, et,Ql) is pure of weight k− 1 > 0 by [10], hence there is no non-trivial element
in Hk−1(XFp, et,Ql) fixed by the Frobenius. This shows that
(Hk−1(XQ, et,Ql/Zl)
GQp )div = (H
k−1(XFp, et,Ql/Zl)
GFp )div = H
k−1(XFp, et,Ql)
GFp = 0.
A fortiori, one has (Hk−1(XQ, et,Ql/Zl)
GQ)div = 0 and the result follows.

Definition 3.2. There exists an object RΓW,c(X ,Z), well defined up to isomorphism in D,
endowed with an exact triangle
(45) RΓW,c(X ,Z)→ RΓW (X ,Z)
i∗∞→ RΓ(X∞,W ,Z).
The determinant detZRΓW,c(X ,Z) :=
⊗
i∈Z detZH
i
W,c(X ,Z)
(−1)i is well defined up to a canon-
ical isomorphism.
The cohomology with compact support is defined (up to isomorphism only) as follows:
H iW,c(X ,Z) := H
i(RΓW,c(X ,Z)).
To see that detZRΓW,c(X ,Z) is indeed well defined, consider another object RΓW,c(X ,Z)
′ of D
endowed with an exact triangle (45). There exists a (non-unique) morphism u : RΓW,c(X ,Z)→
RΓW,c(X ,Z)
′ lying in a morphism of exact triangles
RΓW,c(X ,Z)
∃u ≃

// RΓW (X ,Z)
Id

// RΓ(X∞,W ,Z)
Id

RΓW,c(X ,Z)
′ // RΓW (X ,Z) // RΓ(X∞,W ,Z)
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The map u induces
detZ(u) : detZRΓW,c(X ,Z)
∼
−→ detZRΓW,c(X ,Z)
′.
By [29] p. 43 Corollary 2, detZ(u) does not depend on the choice of u, since it coincides with
the following canonical isomorphism
detZRΓW,c(X ,Z) ≃ detZRΓW (X ,Z)⊗ det
−1
Z RΓ(X∞,W ,Z)
≃ detZRΓW,c(X ,Z)
′.
Given a complex of abelian groups C, we write CR for C ⊗ R.
Proposition 3.3. We set δ := 2d+2. There is a canonical and functorial direct sum decom-
position in D:
RΓW (X ,Z)R ≃ RΓ(X et,R)⊕ RHom(RΓ(X ,Q(d))≥0,R[−δ])[1]
such that the following square commutes:
RΓW (X ,Z)R
≃

i∗∞⊗R // RΓ(X∞,W ,Z)R
≃

RΓ(X et,R)⊕ RHom(RΓ(X ,Q(d))≥0,R[−δ])[1]
(u∗∞⊗R,0)// RΓ(X∞,R)
Proof. Applying (−)⊗ R to the exact triangle of Definition 2.9, we obtain an exact triangle
RHom(RΓ(X ,Q(d))≥0,R[−δ])→ RΓ(X et,R)→ RΓW (X ,Z)R.
But the map
RHom(RΓ(X ,Q(d))≥0,R[−δ])→ RΓ(X et,R)
is trivial since RΓ(X et,R) ≃ R[0] is injective and RHom(RΓ(X ,Q(d))≥0,R[−δ]) is acyclic in
degrees ≤ 1. This shows the existence of the direct sum decomposition. We write DR :=
RHom(RΓ(X ,Q(d))≥0,R[−δ]) and RΓ(X et,R) ≃ R[0] for brevity. The exact sequence
HomD(DR[1],R[0]) → HomD(RΓW (X ,Z),R[0])
→ HomD(R[0],R[0])→ HomD(DR,R[0])
yields an isomorphism HomD(RΓW (X ,Z),R[0])
∼
→ HomD(R[0],R[0]). Hence there exists a
unique map sX : RΓW (X ,Z)R → R[0] such that sX ◦γ
∗
X
= IdR[0] where γ
∗
X
: R[0]→ RΓW (X ,Z)
is the given map. The functorial behavior of sX follows from the fact that it is the unique
map such that sX ◦ γ
∗
X
= IdR[0]. The direct sum decomposition is therefore canonical and
functorial. The commutativity of the square follows from Proposition 3.1. 
Recall that we denote RΓc(Xet,R) := RΓ(X et, ϕ!R).
Proposition 3.4. We set δ := 2d+ 2. There is a non-canonical direct sum decomposition
(46) RΓW,c(X ,Z)R ≃ RΓc(Xet,R)⊕ RHom(RΓ(X ,Q(d))≥0,R[−δ])[1]
inducing a canonical isomorphism
detRRΓW,c(X ,Z)R ≃ detRRΓc(Xet,R)⊗ det
−1
R RHom(RΓ(X ,Q(d))≥0,R[−δ]).
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Proof. Again we write DR := RHom(RΓ(X ,Q(d))≥0,R[−δ]) and RΓ(Xet,R) ≃ R[0] for brevity
(recall that X is connected). Consider the following morphism of exact triangles:
RΓW,c(X ,Z)R //
∃u

RΓW (X ,Z)R
≃

i∗∞⊗R // RΓ(X∞,W ,Z)R
≃

RΓc(Xet,R)⊕DR[1] // RΓ(X et,R)⊕DR[1] // RΓ(X∞,R)
Here all the maps but the isomorphism u are canonical. The non-canonical direct sum decom-
position (46) follows. A choice of such an isomorphism u induces
detR(u) : detRRΓW,c(X ,Z)R
∼
−→ detR(RΓc(Xet,R)⊕DR[1]).
But detR(u) coincides (see [29] p. 43 Corollary 2) with the following (canonical) isomorphism
detRRΓW,c(X ,Z)R ≃ detRRΓW (X ,Z)R ⊗ det
−1
R RΓ(X∞,W ,Z)R
≃ detR(RΓ(X et,R)⊕DR[1]) ⊗ det
−1
R RΓ(X et,R)
≃ detR(RΓc(Xet,R)⊕DR[1])
hence does not depend on the choice of u. 
3.3. The conjecture B(X , d) and the regulator map. Let X be a proper flat regular
connected arithmetic scheme of dimension d with generic fibre X = XQ. The "integral part
in the motivic cohomology" H2d−1−iM (X/Z,Q(d)) is defined as the image of the morphism
H2d−1−i(X ,Q(d))→ H2d−1−i(X,Q(d)).
Let HpD(X/R,R(q)) denote the real Deligne cohomology and let
ρi∞ : H
2d−1−i
M (X/Z,Q(d))R → H
2d−1−i
D (X/R,R(d))
be the Beilinson regulator. According to a classical conjecture of Beilinson, the map ρi∞ should
be an isomorphism for i ≥ 1 and there should be an exact sequence
0→ H2d−1M (X/Z,Q(d))R
ρ0∞−−→ H2d−1D (X/R,R(d))→ CH
0(X)∗R → 0
for i = 0. Moreover, the natural map
H2d−1−i(X ,Q(d))R → H
2d−1−i(X,Q(d))R
is expected to be injective for i ≥ 0. This suggests the following conjecture, where we consider
the composite map
H2d−1−i(X ,Q(d))R → H
2d−1−i(X,Q(d))R → H
2d−1−i
D (X/R,R(d)).
Conjecture 3.5. B(X , d) The map
H2d−1−i(X ,Q(d))R → H
2d−1−i
D (X/R,R(d))
is an isomorphism for 1 ≤ i ≤ 2d− 1 and there is an exact sequence
0→ H2d−1(X ,Q(d))R −→ H
2d−1
D (X/R,R(d))→ CH
0(X)∗R → 0
for i = 0.
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By [23], there is a canonical morphism of complexes
Γ(X,Q(d))→ CD(X/R,R(d))
inducing Beilinson’s regulator on cohomology [7], where the complex CD(X/R,R(d)) computes
real Deligne cohomology. Let j : XZar → XZar be the natural embedding. Consider the map
RΓ(X ,Q(d))→ RΓ(X , j∗Q(d))→ RΓ(X ,Rj∗Q(d)) ≃ RΓ(X,Q(d)) ≃ Γ(X,Q(d))
where the last isomorphism follows from the fact that, over a field, the Zariski hypercoho-
mology of the cycle complex coincides with its cohomology. Then we consider the composite
map
ρ∞ : RΓ(X ,Q(d))→ Γ(X,Q(d))→ CD(X/R,R(d)).
and we denote by D(R) the derived category of R-vector spaces.
Theorem 3.6. Let X be a proper flat regular connected scheme of dimension d satisfying
L(Xet, d)≥0 and B(X , d). A choice of a direct sum decomposition (46) induces, in a canonical
way, an isomorphism in D(R):
RΓW,c(X ,Z)⊗ R
∼
−→ RΓW,c(X , R˜).
Proof. Duality for Deligne cohomology (see [6] Corollary 2.28)
(47) H iD(X/R,R(p))×H
2d−1−i
D (X/R,R(d− p))→ R
yields an isomorphism in D(R)
CD(X/R,R)→ RHom(CD(X/R,R(d)),R[−2d + 1]).
Composing with RΓ(X∞,R)
∼
−→ CD(X/R,R) we obtain
RΓ(X∞,R)
∼
−→ RHom(CD(X/R,R(d)),R[−2d + 1]).
One has a morphism of complexes CD(X/R,R(d)) → CH
0(X)∗R[−2d + 1] and we define
C˜D(X/R,R(d)) to be its mapping fiber. Applying the functor RHom(−,R[−2d + 1]), we
obtain an exact triangle (note that X is irreducible)
R[0]→ RHom(CD(X/R,R(d)),R[−2d + 1])→ RHom(C˜D(X/R,R(d)),R[−2d + 1]).
We have a morphism of exact triangles
R[0]

// RΓ(X∞,R)

// RΓc(Xet,R)[1]
∃!

R[0] // RHom(CD(X/R,R(d)),R[−2d + 1]) // RHom(C˜D(X/R,R(d)),R[−2d + 1])
where the vertical map on the right hand side is uniquely determined. This yields a canonical
quasi-isomorphism
(48) RΓc(Xet,R)[−1]
∼
−→ RHom(C˜D(X/R,R(d)),R[−2d − 1]).
It follows from Conjecture B(X , d) that the morphism of complexes ρ∞ : RΓ(X ,Q(d))≥0 →
CD(X/R,R(d)) induces a quasi-isomorphism
ρ˜∞,R : RΓ(X ,Q(d))≥0,R
∼
−→ C˜D(X/R,R(d)).
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Applying the functor RHom(−,R[−2d − 1]) and composing with the map (48), we obtain an
isomorphism:
RΓc(Xet,R)[−1]
∼
→ RHom(C˜D(X/R,R(d)),R[−2d−1])
∼
→ RHom(RΓ(X ,Q(d))≥0,R[−2d−1]).
The inverse isomorphism RHom(RΓ(X ,Q(d))≥0,R[−2d−1])
∼
→ RΓc(Xet,R)[−1] together with
a direct sum decomposition (46) provide us with the desired map:
RΓW,c(X ,Z)R
∼
→ RΓc(Xet,Z)R ⊕ RHom(RΓ(X ,Q(d))≥0,R[−2d− 1])
∼
→ RΓc(Xet,R)⊕ RΓc(Xet,R)[−1]
∼
→ RΓW,c(X , R˜).

Corollary 3.7. Let X be a proper regular connected scheme of dimension d satisfying L(Xet, d)≥0
and B(X , d). Then there is a canonical isomorphism
detRRΓW,c(X ,Z)R
∼
−→ detRRΓW,c(X , R˜).
Proof. If X is flat over Z, the result follows from Proposition 3.4 and Theorem 3.6. So we
may assume that X is smooth and proper over a finite field. Then we have RΓW,c(X ,Z) =
RΓW (X ,Z) and a canonical isomorphism
RΓW (X ,Z)R ≃ RΓ(Xet,R)⊕ RHom(RΓ(X ,Q(d))≥0,R[−2d− 1]).
It follows from L(Xet, d)≥0 that the natural map
RΓ(Xet,R)[−1]→ RHom(RΓ(X ,Q(d))≥0,R[−2d− 1])
is a quasi-isomorphism (see the proof of Theorem 2.13). This yields a canonical map
RΓW (X ,Z)R
∼
→ RΓ(Xet,R)⊕ RHom(RΓ(X ,Q(d))≥0,R[−2d− 1])(49)
∼
→ RΓ(Xet,R)⊕ RΓ(Xet,R)[−1]
∼
→ RΓW (X , R˜).(50)

4. Zeta functions at s = 0
Recall that the zeta-function of a scheme X of finite type over Spec(Z) is defined as an
infinite product
(51) ζ(X , s) :=
∏
x∈X0
1
1−N(x)−s
where X0 denotes the set of closed points of X and N(x) is the cardinality of the residue
field of x ∈ X0. The product (51) converges for ℜ(s) > dim(X ). It is expected to have a
meromorphic continuation to the whole complex plane. We refer to [29] for generalities on the
determinant functor.
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4.1. The main Conjecture. The following theorem summarizes some results obtained pre-
viously (see [14] for a) and b), Proposition 2.10 and Definition 3.2 for c) and Theorem 3.6 and
(50) for d)).
Theorem 4.1. Let X be a proper regular arithmetic scheme of pure dimension d.
a) The compact support cohomology groups H iW,c(X , R˜) are finite dimensional vector
spaces over R, vanish for almost all i and satisfy∑
i∈Z
(−1)i dimRH
i
W,c(X , R˜) = 0.
b) Cup product with the fundamental class θ ∈ H1W (X , R˜) yields an acyclic complex
· · ·
∪θ
−→ H iW,c(X , R˜)
∪θ
−→ H i+1W,c(X , R˜)
∪θ
−→ · · ·
c) If L(Xet, d)≥0 holds, then the compact support cohomology groups H
i
W,c(X ,Z) are
finitely generated over Z and they vanish for almost all i.
d) If B(X , d) also holds then there are isomorphisms
H iW,c(X ,Z)⊗Z R
∼
−→ H iW,c(X , R˜).
Consider now a proper regular connected arithmetic scheme X of dimension d satisfying
L(Xet, d)≥0 and B(X , d). By Corollary 3.7 we have canonical isomorphisms
(detZRΓW,c(X ,Z))R ≃ detR(RΓW,c(X ,Z)R)
≃ detRRΓW,c(X , R˜).
Moreover, the exact sequence b) above provides us with
λ : R
∼
−→
⊗
i∈Z
detRH
i
W,c(X , R˜)
(−1)i ∼−→ detRRΓW,c(X , R˜)
∼
−→ (detZRΓW,c(X ,Z))R.
The following conjecture presupposes that ζ(X , s) has a meromorphic continuation to a neigh-
borhood of s = 0.
Conjecture 4.2.
e) The vanishing order of ζ(X , s) at s = 0 is given by
ords=0ζ(X , s) =
∑
i∈Z
(−1)i · i · rankZH
i
W,c(X ,Z).
f) The leading coefficient ζ∗(X , 0) in the Taylor expansion of ζ(X , s) at s = 0 is given
up to sign by
Z · λ(ζ∗(X , 0)−1) = detZRΓW,c(X ,Z).
4.2. Relation to Soulé’s conjecture. Let X be a regular connected arithmetic scheme of
dimension d. We assume in this subsection that X is moreover flat and projective over Spec(Z).
The following conjecture is Bloch’s reformulation (see [3] Section 7) of Soulé’s conjecture [42]
in terms of motivic cohomology (thanks to [31] Theorem 14.7 (5)). It presupposes that ζ(X , s)
has a meromorphic continuation near s = 0 and that the Q-vector space H i(X ,Q(d)) is finite
dimensional for all i and zero for almost all i.
Conjecture 4.3. (Soulé) One has
ords=0ζ(X , s) =
∑
i
(−1)i+1dimQH
2d−i(X ,Q(d)).
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If X satisfies L(Xet, d), then H
i(X ,Q(d)) = 0 for i < 0 (see the proof of Theorem 2.11).
Hence the conjunction of L(Xet, d) and B(X , d) is equivalent to the conjunction of Conjecture
1.2 and Conjecture 1.4 for X .
Proposition 4.4. Assume that X satisfies L(Xet, d) and B(X , d). Then Conjecture 4.2 e) is
equivalent to Conjecture 4.3.
Proof. Assuming L(Xet, d) and B(X , d) one has∑
i∈Z
(−1)i · i · rankZH
i
W,c(X ,Z) =
∑
i∈Z
(−1)i · i · dimQH
i
W,c(X ,Z)Q
=
∑
i∈Z
(−1)i · i · (dimQH
i
c(Xet,Q) + dimQH
2d+2−i−1(X ,Q(d))∗)
=
∑
i∈Z
(−1)i · i · (dimQH
2d−i(X ,Q(d))∗ + dimQH
2d+1−i(X ,Q(d))∗)
=
∑
i∈Z
(−1)idimQH
2d+1−i(X ,Q(d)).
The second equality follows from Proposition 3.4. SinceH i(X ,Q(d)) = 0 for i < 0 by L(Xet, d),
the third equality follows from Conjecture B(X , d) and from duality for Deligne cohomology,
see the proof of Theorem 3.6. The fourth equality follows from L(Xet, d) since it implies that
H2d−i(X ,Q(d)) is finite dimensional and zero for almost all i. The result follows. 
4.3. Relation to the Tamagawa number conjecture. In this section we consider the
Tamagawa number conjecture of Bloch and Kato in the formulation of Fontaine and Perrin-
Riou (see [15] and [16]).
Throughout this section we let X be a smooth projective scheme over a number ring OF , and
we assume that X is connected of dimension d. We set XF := X ⊗OF F and Xp := X ⊗OF Fp
where Fp := OF /p for any maximal ideal p ⊂ OF . We assume further that X satisfies
L(Xet, d)≥0 and B(X , d). In order to ease the notation, we also assume OF = OX (X ). In
particular, XF and Xp (for any finite prime p) are geometrically irreducible (see [36] Corollary
5.3.17).
Note that there is no loss of generality caused by the assumption OF = OX (X ). Indeed,
if X is connected, smooth and projective over OF , then OX (X ) is a number ring (finite over
OF ) and X is also smooth and projective over OX (X ).
4.3.1. Motivic L-functions. Recall that for any connected, smooth and projective scheme X/F
and 0 ≤ i ≤ 2 · dim(X) one defines the L-function
(52) L(hi(X), s) =
∏
p
Lp(h
i(X), s) =
∏
p
Pp(h
i(X), N(p)−s)−1
as an Euler product over all finite primes p of F where N(p) is the cardinal of Fp and
Pp(h
i(X), T ) = detQl
(
1− Fr−1p · T |H
i(XF ,et,Ql)
Ip
)
is a polynomial (conjecturally) with rational coefficients and independent of the chosen prime
l as long as p does not divide l. Here Frp denotes a Frobenius element. The product (52) is
known to converge for ℜ(s) > i2 + 1 by [10].
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Assume now that X/F is the generic fiber X ⊗OF F of the smooth proper scheme X over
OF . By smooth and proper base change one has
H i(XFp,et,Ql) ≃ H
i(XF ,et,Ql) ≃ H
i(XF,et,Ql)
Ip
and by Grothendieck’s formula, one has
ζ(X , s) :=
∏
x∈X0
1
1−N(x)−s
=
∏
p
ζ(Xp, s) =
2 dim(XF )∏
i=0
L(hi(XF ), s)
(−1)i
where X0 is the set of closed points in X .
4.3.2. Statement of the Tamagawa number conjecture. Let X/OF be a scheme satisfying the
assumptions of the introduction of this section 4.3. We set X := XF . Recall that the "in-
tegral part in the motivic cohomology" HjM(X/Z,Q(d)) is defined as the image of the map
Hj(X ,Q(d)) → Hj(X,Q(d)). But this map is injective for j ≥ 0 by B(X , d), hence we may
identity HjM (X/Z,Q(d)) = H
j(X ,Q(d)) for j ≥ 0. Define the fundamental line
∆f (h
i(X)) = det−1Q (H
i(X(C),Q)+)⊗Q detQH
2d−1−i
M (X/Z,Q(d))
∗
for 0 < i ≤ 2d− 2 and
∆f (h
0(X)) = detQCH
0(X)Q ⊗Q det
−1
Q (H
0(X(C),Q)+)⊗Q detQH
2d−1
M (X/Z,Q(d))
∗
for i = 0. There is an isomorphism
ϑi∞ : R ≃ ∆f (h
i(X))R
induced by B(X , d) and duality for Deligne cohomology (47). Assuming that L(hi(X), 0) has
a meromorphic continuation near s = 0, we denote by L∗(hi(X), 0) the leading coefficient in
the Taylor expansion of L(hi(X), 0) at s = 0.
Conjecture 4.5. (Beilinson–Deligne) There is an identity of Q-subspaces of ∆f (h
i(X))R:
Q · ϑi∞(L
∗(hi(X), 0)−1) = ∆f (h
i(X)).
Now fix a prime number l and let U ⊆ Spec(OF ) be an open subscheme in which l is
invertible. For any locally constant l-adic sheaf V on U (i.e. any Ql-representation of the
fundamental group π1(Uet, u¯) with base point u¯ : Spec(F ) → U) and any finite prime p of F
not dividing l, one defines a complex concentrated in degrees 0 and 1
RΓf (Fp, V ) = RΓ(Fp, V
Ip) = V Ip
1−Fr−1p
−→ V Ip
where Ip is the inertia subgroup at p. For p dividing l define
RΓf (Fp, V ) = Dcris,p(V )
(1−φ,ι)
−→ Dcris,p(V )⊕DdR,p(V )/F
0DdR,p(V )
where Dcris,p(V ) = (Bcris,p⊗QpV )
GFp and DdR,p(V ) = (BdR,p⊗QpV )
GFp (see [15] and [16]). In
both cases there is a map of complexes RΓf (Fp, V )→ RΓ(Fp, V ) and one defines RΓ/f (Fp, V )
as the mapping cone. Then one defines a global complex RΓf (F, V ) as the mapping fibre of
the composite map
RΓ(Uet, V )→
⊕
p/∈U
RΓ(Fp, V )→
⊕
p/∈U
RΓ/f (Fp, V ).
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There is an exact triangle in the derived category of Ql-vector spaces
(53) RΓc(Uet, V )→ RΓf (F, V )→
⊕
p/∈U
RΓf (Fp, V )
where the primes p /∈ U include archimedean p with the convention RΓf (R, V ) = RΓ(R, V )
and RΓf (C, V ) = RΓ(C, V ).
Notation 4.6. For an archimedean prime p of F , we choose a complex embedding σp : F → C
representing p, and we set Xp := XF,σp(C)/GFp , where XF,σp(C) := HomSpec(F )(Spec(C),XF )
is the space of complex points of XF lying over σp. One has X∞ =
∐
p|∞ Xp. Finally, we set
Xp,et := Sh(Xp) and Xp,W := Sh(Xp)×BR.
The following result is proven in [14] Proposition 9.1. Note that ([14] Conjecture 7) is
known in the smooth case.
Proposition 4.7. Let π : X → Spec(OF ) be as above and let X et be its Artin-Verdier étale
topos. Let U ⊆ Spec(OF ) be an open subscheme in which the prime number l is invertible.
Then there is an isomorphism of exact triangles in the derived category of Ql-vector spaces:
RΓc(XU,et,Ql) −→ RΓ(X et,Ql) −→
⊕
p/∈U
RΓ(Xp,et,Ql)
y
y
y
2d−2⊕
i=0
RΓc(Uet, V
i
l )[−i] −→
2d−2⊕
i=0
RΓf (F, V
i
l )[−i] −→
⊕
p/∈U
2d−2⊕
i=0
RΓf (Fp, V
i
l )[−i]
Here V il := H
i(XF ,et,Ql) is viewed as a Ql-representation of GF , the bottom exact triangle is
a sum over triangles (53) and RΓc(XU,et,Ql) := RΓ(X et, j!Ql) where j : XU,et → X et is the
canonical open embedding.
The statement of the Tamagawa number conjecture requires the following
Conjecture 4.8. (Bloch-Kato) We have H1f (F, V
i
l ) = 0 for any i.
One can show that H0f (F, V
0
l )
∼= CH0(XF )Ql , H
0
f (F, V
i
l ) = 0 for i > 0 and H
3
f (F, V
i
l ) = 0.
Therefore, by Corollary 2.12 and Proposition 4.7, Conjecture 4.8 induces an isomorphism:
(54) ρil : H
2
f (F, V
i
l )
∼
→ H i+2(X et,Ql)
∼
→ H i+2W (X ,Z)Ql
∼
→ H2d−1−i(X ,Q(d))∗Ql .
Moreover Artin’s comparison isomorphism yields
H i(X (C),Q)+Ql ≃ (
⊕
σ:F →֒C
H i(XF,σ(C),Q))
+
Ql
(55)
≃
⊕
p|∞
H i(XF ,et,Ql)
Gp =
⊕
p|∞
(V il )
Gp(56)
ZETA FUNCTIONS AT s = 0 35
where σ runs over the complex embeddings of F and XF,σ(C) = HomSpec(F )(Spec(C),XF ) with
respect to the map σ : Spec(C)→ Spec(F ). We obtain an isomorphism (for 0 ≤ i ≤ 2d− 2):
ϑil : ∆f (h
i(X))Ql
∼
−→ detQlRΓf (F, V
i
l )⊗
⊗
p|∞
det−1Ql RΓ(Fp, V
i
l )(57)
∼
−→ detQlRΓc(Uet, V
i
l )⊗
⊗
p∈Z
detQlRΓf (Fp, V
i
l )(58)
∼
−→ detQlRΓc(Uet, V
i
l )(59)
where Z = Spec(OF )−U is the closed complement of U . Indeed, (57) is induced by (54) and
(56), (58) is induced by (53), and (59) is induced by the isomorphism (for p ∈ Z)
ιp : detQlRΓf (Fp, V
i
l )
∼= Ql
which is in turn induced by the identity map on (V il )
Ip andDcris,p(V
i
l ). Below is the Tamagawa
number conjecture in the formulation of Fontaine and Perrin-Riou (see [15] and [16]). It
presupposes Conjecture 4.5.
Conjecture 4.9. (l-part of the Tamagawa number conjecture) There is an identity of free
rank one Zl-submodules of detQlRΓc(Uet, V
i
l )
Zl · ϑ
i
l ◦ ϑ
i
∞(L
∗(hi(X), 0)−1) = detZlRΓc(Uet, T
i
l )
for any constructible Zl-sheaf T
i
l such that T
i
l ⊗Zl Ql = V
i
l .
This conjecture is independent of the choice of T il , as well as of the choice of U in which l
is invertible [15].
4.3.3. One can reformulate the Tamagawa number conjecture in terms of the L-function
LU (h
i(X), s) =
∏
p∈U
Lp(h
i(X), s)
associated to the smooth l-adic sheaf V il over U , using a second isomorphism
ι˜p : detQlRΓf (Fp, V
i
l ) ≃ Ql
which satisfies
(60) ιp = P
∗
p (h
i(X), 1)−1 ι˜p = L
∗
p(h
i(X), 0) log(N(p)ri,p)ι˜p
where ri,p = ordT=1 Pp(h
i(X), T ) = − ords=0 Lp(h
i(X), s). The isomorphism ι˜p is defined
as follows. We shall see below that the complex RΓf (Fp, V
i
l ) is semi-simple at 0; in other
words, the identity map (on (V il )
Ip for p ∤ l and Dcris,p(V
i
l ) for p | l) induces an isomorphism
H0f (Fp, V
i
l )
∼
→ H1f (Fp, V
i
l ) hence a trivialization
ι˜p : detQlRΓf (Fp, V
i
l ) ≃ detQlH
0
f (Fp, V
i
l )⊗Ql det
−1
Ql
H1f (Fp, V
i
l ) ≃ Ql.
Then we define
(61) ϑ˜il : ∆f (h
i(X))Ql
∼
→ detQlRΓc(Uet, V
i
l )⊗
⊗
p∈Z
detQlRΓf (Fp, V
i
l )
∼
→ detQlRΓc(Uet, V
i
l )
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for 0 ≤ i ≤ 2d − 2, where the first isomorphism is (58) and the second is induced by the ι˜p’s.
By (60) we have ϑ˜il =
∏
p∈Z P
∗
p (h
i(X), 1) · ϑil and we need to define
(62) ϑ˜i∞ :=
∏
p∈Z
log(N(p))ri,pϑi∞.
In our situation, we have ri,p = 0 for i > 0 (for weight reasons) and r0,p = 1 (because V
0
l = Ql
with trivial GF -action, see below) for any p ∈ Z. The Tamagawa number conjecture becomes
Conjecture 4.10. There is an identity of free rank one Zl-submodules of detQlRΓc(Uet, V
i
l )
(63) Zl · ϑ˜
i
l ◦ ϑ˜
i
∞(L
∗
U (h
i(X), 0)−1) = detZlRΓc(Uet, T
i
l ).
Now we observe that RΓf (Fp, V
i
l ) is indeed semi-simple at 0, and explain the compatibility
between ι˜p and the canonical trivialization of (detZRΓ(Xp,W ,Z))Ql . Let p ∈ Z. By Proposition
4.7 we have
(64)
⊕
i≥0
RΓf (Fp, V
i
l )[−i] ≃ RΓ(Xp,et,Ql) ≃ RΓ(Xp,W ,Z)Ql .
But H i(Xp,W ,Z)Ql = Ql for i = 0, 1 (since Xp is connected) and H
i(Xp,W ,Z)Ql = 0 otherwise
(by [34] Theorem 7.4). It follows that RΓf (Fp, V
i
l ) is acyclic for i > 0, hence semi-simple at
0. For i = 0, we have V 0l = Ql with trivial GF -action (since XF is geometrically connected),
hence (V 0l )
Ip = Ql for p ∤ l and Dcris,p(V
0
l ) = (Fp)0 for p | l. In both cases, RΓf (Fp, V
0
l ) is
semi-simple at 0. Moreover, (60) is given by ([9] Lemma 1). Indeed, for i > 0 and p | l, one
has
Pp(V
i
l , 1) = Pl((V
i
l )
′, 1) = detQl(1− φ | Dcris,p(V
i
l ))
where (V il )
′ := IndFp/Ql(V
i
l ) is the l-adic representation of GQl induced by V
i
l (seen as a
representation of GFp). The case p ∤ l is similar and the case i = 0 is obvious.
Note also that H if (Fp, V
0
l ) ≃ H
i(Xp,W ,Z)Ql for i = 0, 1. Under this identification, the
isomorphism H0f (Fp, V
0
l )
∼
→ H1f (Fp, V
0
l ) given by semi-simplicity of RΓf (Fp, V
0
l ) corresponds
to the map H0(Xp,W ,Z)Ql
∪e
→ H1(Xp,W ,Z)Ql given by cup-product with the fundamental class
e ∈ H1(Xp,W ,Z). Recall that e is the pull-back of the homomorphism in H
1(Spec(Fp)W ,Z) =
Hom(WFp ,Z) which sends Frp to 1. It follows that we have a commutative square of isomor-
phisms
(65)
⊗
i≥0 det
(−1)i
Ql
RΓf (Fp, V
i
l )
⊗
i ι˜
(−1)i
p
−−−−−−→ Qly ‖
detQlRΓ(Xp,W ,Z)Ql
µ−1
Xp,Ql−−−−→ Ql
where the left vertical isomorphism is induced by (64), and the lower horizontal isomorphism
is induced by µXp : Q
∼
→ detQRΓ(Xp,W ,Z)Q which is in turn induced by the exact sequence
(see [34] Theorem 7.4)
(66) ...
∪e
→ H i(Xp,W ,Z)Q
∪e
→ H i+1(Xp,W ,Z)Q
∪e
→ ...
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4.3.4. Let X/OF be a smooth projective scheme satisfying the assumptions of the introduc-
tion of this section 4.3. Let U ⊆ Spec(OF ) be an open subscheme on which the prime number
l is invertible. Consider the morphism
RΓW (X ,Z) −→
⊕
p/∈U
RΓ(Xp,W ,Z)
given by Proposition 2.14 and Proposition 3.1, where Xp,W is the Weil-étale topos of Xp. Here
the primes p /∈ U include archimedean primes, see Notation 4.6. We define RΓW,c(XU ,Z) such
that the triangle
(67) RΓW,c(XU ,Z)→ RΓW (X ,Z)→
⊕
p/∈U
RΓ(Xp,W ,Z)
is exact. We do not show nor use that RΓW,c(XU ,Z) only depends on XU . In fact RΓW,c(XU ,Z)
is only defined up to a non-canonical isomorphism but detZRΓW,c(XU ,Z) is canonically defined
and we have a canonical isomorphism
(68) detZRΓW,c(XU ,Z) ≃ detZRΓW,c(X ,Z)⊗ det
−1
Z RΓ(XZ,W ,Z)
where Z = Spec(OF )− U . We define
RΓW,c(XU , R˜) := RΓ(XW , j!R˜)
where j : XU,W → XW is the obvious open embedding of topoi (i.e. induced by XU,et → X et).
The triangle
RΓW,c(XU , R˜)→ RΓW (X , R˜)→
⊕
p/∈U
RΓ(Xp,W , R˜)
is exact, where the map on the right hand side is induced by the closed embedding
∐
p/∈U Xp,W →
XW (which is the closed complement of j). We obtain a canonical isomorphism
(69) detRRΓW,c(XU , R˜) ≃ detRRΓW,c(X , R˜)⊗ det
−1
R RΓW (XZ , R˜).
By Corollary 3.7, (68) and (69) we have a canonical isomorphism
(70) detRRΓW,c(XU ,Z)R
∼
−→ detRRΓW,c(XU , R˜)
and we obtain
(71) λXU : R
∼
−→ detRRΓW,c(XU , R˜)
∼
−→ detRRΓW,c(XU ,Z)R
such that the following square of isomorphisms commutes:
(72)
R⊗ R
λX⊗λ
−1
XZ−−−−−−→ detRRΓW,c(X ,Z)R ⊗ det
−1
R RΓ(XZ,W ,Z)Ry
y
R
λXU−−−−→ detRRΓW,c(XU ,Z)R
Here we identify λXZ with its dual, the left vertical map is induced by the product map and
the right vertical map is induced by (68).
Theorem 4.11. Let X/OF be a smooth projective scheme over OF . Assume that X is con-
nected of dimension d and that X satisfies L(Xet, d)≥0 and B(X , d). Assume moreover that
H1f (F,H
i(XF ,et,Ql)) = 0 for all i, and that ζ(X , s) has a meromorphic continuation to s = 0.
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Then the Tamagawa number conjecture (Conjecture 4.9) for the motive
⊕2d−2
i=0 h
i(X)[−i] and
all l is equivalent to statement f) of Conjecture 4.2 for X .
Proof. We consider an open subscheme U ⊆ Spec(OF ) on which l is invertible and we let Z
be the closed complement of U . By [34] Xp satisfies Conjecture 1.1 for any p ∈ Z. Hence
the factorization ζ(X , s) = ζ(XU , s) · ζ(XZ , s) together with (68), (69) and (72) show that
Conjecture 4.2 f) for X is equivalent to Conjecture 4.2 f) for XU .
By Proposition 3.4 and by definition of λX , we have a canonical isomorphism
(73) detQRΓW,c(X ,Z)Q ≃
2d−2⊗
i=0
∆f (h
i(X))(−1)
i
which is compatible (in the obvious sense) with λX and ⊗i(ϑ
i
∞)
(−1)i . In particular, Conjecture
4.2 f) implies Conjecture 4.5 for
⊕2d−2
i=0 h
i(X)[−i]. Moreover, for any prime p ∈ Z, cup-product
with the canonical class e ∈ H1(Xp,W ,Z) yields a trivialization (induced by (66))
(74) µXp : Q
∼= detQRΓ(Xp,W ,Z)Q.
Then (68), (73) and (74) yield an isomorphism
ϑW : detQRΓW,c(XU ,Z)Q ∼=detQRΓW,c(X ,Z)Q ⊗
⊗
p∈Z
det−1Q RΓ(Xp,W ,Z)Q
∼=
2d−2⊗
i=0
∆f (h
i(X))(−1)
i
.
We claim that the following diagram of isomorphisms is commutative:
(75)
R
λXU−−−−→ detRRΓW,c(XU ,Z)R
‖
yϑW,R
R
⊗i(ϑ˜i∞)
(−1)i
−−−−−−−−→
⊗2d−2
i=0 ∆f (h
i(X))
(−1)i
R
where λXU (respectively ϑ˜
i
∞) is defined in (71) (respectively in (62)). Similarly, for any prime
l invertible on U we have a commutative diagram of isomorphisms
(76)
detQlRΓW,c(XU ,Z)Ql −−−−→ detQlRΓc(XU,et,Ql)yϑW,Ql
y
⊗2d−2
i=0 ∆f (h
i(X))
(−1)i
Ql
⊗i(ϑ˜
i
l)
(−1)i
−−−−−−−→
⊗2d−2
i=0 det
(−1)i
Ql
RΓc(Uet, V
i
l )
where the top horizontal isomorphism is induced by the isomorphism
(77) detZRΓW,c(XU ,Z)⊗Z Zl ∼= detZlRΓc(XU,et,Zl)
given by (68) and Corollary 2.12, while the right vertical isomorphism is induced by the
isomorphism
(78) detZlRΓc(XU,et,Zl)
∼= detZlRΓc(Uet, Rπ∗Zl)
∼=
2d−2⊗
i=0
det
(−1)i
Zl
RΓc(Uet, T
i
l )
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where T il := R
iπ∗Zl. Hence the Zl-lattice of
⊗2d−2
i=0 ∆f (h
i(X))
(−1)i
Ql
given by the images of
detZlRΓW,c(XU ,Z)Zl and
⊗2d−2
i=0 det
(−1)i
Zl
RΓc(Uet, T
i
l ) coincide. This shows that Conjecture 4.2
f) implies Conjecture 4.10 (hence Conjecture 4.9) for
⊕2d−2
i=0 h
i(XF )[−i] and all l. Conversely,
Conjecture 4.10 for
⊕2d−2
i=0 h
i(XF )[−i] and all l implies the l-primary part of Conjecture 4.2
f) for X [1/l] and all l, hence the l-primary part of Conjecture 4.2 f) for X and all l, hence
Conjecture 4.2 f) for X . Here by the l-primary part of Conjecture 4.2 f) for X we mean an
identity
Z(l) · λX (ζ
∗(X , 0)−1) = detZ(l)RΓW,c(X ,Z)Z(l)
where Z(l) is the localization of Z at the prime ideal lZ.
It remains to check that the squares (75) and (76) are indeed commutative. Consider the
following diagram.
detQlRΓW,c(XU ,Z)Ql ⊗ Ql
1⊗µXZ,Ql
−−−−−−−−→ detQlRΓW,c(XU ,Z)Ql ⊗ detQlRΓ(XZ,W ,Z)Ql
b
−−−−−→ detQlRΓW,c(X ,Z)Ql


ya⊗1


ya⊗f


yd
⊗
i det
(−1)i
Ql
RΓc(Uet, V
i
l )⊗ Ql
1⊗
⊗
p,i ι˜
(−1)i+1
p
−−−−−−−−−−−−−→
⊗
i detQlRΓc(Uet, V
i
l )⊗
⊗
p,i detQlRΓf (Fp, V
i
l )
c
−−−−−→
⊗
i∆f (h
i(X))
(−1)i
Ql
Here we identify Weil-étale cohomology tensor Ql with l-adic étale cohomology. Then the left
vertical isomorphism a is induced by (78), the map f in the central vertical isomorphism is
given by (64), and b, c and d are induced by (68), (58) and (73) respectively. The commutativ-
ity of the left square follows from the commutativity of (65). The commutativity of the right
square follows from Proposition 4.7. By definition of ϑW we have d ◦ b ◦ (1⊗µXZ ,Ql) = ϑW,Ql.
By definition of ϑ˜il we have ⊗i(ϑ˜
i
l)
(−1)i = (c◦ (1⊗
⊗
p,i ι˜
(−1)i+1
p )
−1. The commutativity of (76)
follows immediately.
The square (75) can be decomposed as follows:
R⊗ R
λX⊗λ
−1
XZ
−−−−−−−→ detRRΓW,c(X ,Z)R ⊗ det
−1
R
RΓ(XZ,W ,Z)R
b
−−−−−→ detRRΓW,c(XU ,Z)R


y1⊗1


yη⊗µXZ,R


yϑW,R
R⊗ R
(⊗i(ϑ
i
∞)
(−1)i )⊗(
∏
p log(N(p)))
−−−−−−−−−−−−−−−−−−−−−−−→ (
⊗
i∆f (h
i(X))
(−1)i
R
)⊗ R
Id
−−−−−→
⊗
i∆f (h
i(X))
(−1)i
R
Indeed, under the canonical identification R ⊗ R = R, the composition of the top horizontal
maps (respectively of the lower horizontal maps) is λXU (respectively ⊗i(ϑ˜
i
∞)
(−1)i). Here Id is
the obvious identification, η is induced by (73) and b is induced by (68). The right hand side
square is commutative by definition of ϑW . The left hand side square is the tensor product
of two squares; it is therefore enough to check commutativity of both factors separately. The
commutativity of the square corresponding to the first factor follows from the fact that (73)
is compatible with λX and ⊗i(ϑ
i
∞)
(−1)i . The commutativity of the square corresponding to
the second factor boils down to the identity
(79) λ−1Xp = log(N(p)) · µ
−1
Xp,R
: detRRΓ(Xp,W ,Z)R → R.
Identity (79) follows from the fact that µXp,R is obtained by cup-product with the class e ∈
H1(WFp ,R) = Hom(WFp ,R) sending Frp ∈ WFp to 1, while λXp is obtained by cup-product
with the class θ ∈ H1(WFp ,R) sending Frp to log(N(p)). This is an easy computation in view
of the fact that both complexes [... → H i(Xp,W , R˜) → H
i(Xp,W , R˜) → ...] are isomorphic to
[R → Hom(WFp ,R)] put in degrees 0, 1, because Xp/Fp is geometrically connected. Identity
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(79) is of course compatible with Z∗(Xp, 1) = log(N(p)) · ζ
∗(Xp, 0). This concludes the proof
of the theorem. 
4.4. Proven cases. Let Fq be a finite field and let A(Fq) be the class of smooth projective
varieties over Fq defined in Section 5.2.
Theorem 4.12. Let X be a smooth projective variety over the finite field Fq. If X lies in
A(Fq) then Conjecture 4.2 holds for X .
Proof. The variety X lies in A(Fq) hence L(Xet, d) ⇔ L(XW , d) holds (see Proposition 5.7).
In view of Theorem 2.13 the result follows from [34] Theorem 7.4. 
Theorem 4.13. If X = Spec(OF ) is the spectrum of a number ring, then Conjecture 4.2
holds for X .
Proof. The result follows from the explicit computation of the Weil-étale cohomology in this
case (see Section 4.5.1) and from the analytic class number formula
ords=0ζ(X , s) = ♯X∞ − 1 and ζ
∗
F (0) = −hR/w
where h (respectively w) is the order of Cl(F ) (respectively of µF ) and R is the regulator of
the number field F . 
Theorem 4.14. Let X be a smooth projective scheme over the number ring OX (X ) = OF ,
where F is an abelian number field. Assume that XF admits a smooth cellular decomposition
(see Definition 5.13) and that Xp ∈ L(Z) for any finite prime p of F . Then Conjecture 4.2
holds for X .
Proof. The scheme X is connected and we set d = dim(X ). The scheme X satisfies Conjec-
ture L(Xet, d) (resp. Conjecture B(X , d)) by Proposition 5.14 (resp. by Proposition 5.15).
Moreover, XF is a cellular variety hence h(XF ) is of the form
⊕
k h
0(F )(rk) (in the cate-
gory of Chow motives, see [5] Theorem 3.1). Hence L(hi(XF ), s) is a product of shifts of the
Dedekind zeta function ζF (s); in particular L(h
i(XF ), s) satisfies meromorphic continuation
and the functional equation. By Theorem 3.6 and [14] Theorem 1.1, Statement e) of Con-
jecture 4.2 for X follows. Moreover, the Galois representations H i(XF ,Ql) is a sum of Ql(r)
(with r ≤ 0), hence satisfy Conjecture 4.8 (see [1] Lemme 4.3.1). Finally, Conjecture 4.9 is
known for hi(XF ) (which is a sum of h
0(F )(r)) since F/Q is abelian [12]. Hence Statement
f) of Conjecture 4.2 for X follows from Theorem 4.11. 
The simplest non-trivial example of a scheme satisfying the assumptions of the previous
theorem is PnOF where F/Q is abelian. The result then gives a cohomological interpretation
of ζ∗F (n) for n ≤ 0 (see Section 4.5.2).
4.5. Examples.
4.5.1. Number rings. Let OF be a number ring and let X = Spec(OF ). Note that L(Xet,Z(1))
holds (see Theorem 5.1). The cohomology H∗(X et,Z) is computed in ([38] Proposition 6.6).
By Proposition 2.10 one has
H iW (X ,Z) = 0 for i < 0 and i > 3.
By Proposition 2.10 again one has H0W (X ,Z) = Z, H
1
W (X ,Z) = 0, an exact sequence
(80) 0→ H2(X et,Z)codiv → H
2
W (X ,Z)→ Hom(H
1(X et,Z(1)),Z)→ 0
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and an isomorphism
H3W (X ,Z) ≃ H
3(X et,Z)codiv = Hom(O
×
F ,Q/Z)codiv = µ
D
F .
since H0(X et,Z(1)) = 0. The sequence (80) reads as follows ([38] Proposition 6.6.)
0→ Cl(F )D → H2W (X ,Z)→ Hom(O
×
F ,Z)→ 0
where Cl(F ) is the class group of F , O×F is the unit group and µF := (O
×
F )tor. The map
H iW,c(X ,Z)⊗ R
∼
→ H iW,c(X , R˜)
is trivial for i 6= 1, 2, the obvious isomorphism for i = 1 and the inverse of the dual of the
classical regulator map
H2W,c(X ,Z)⊗ R ≃ Hom(O
×
F ,R)→ (
∏
X∞
R)/R
for i = 2. The acyclic complex (H∗W,c(X , R˜),∪θ) is reduced to the identity map
H1W,c(X , R˜) = (
∏
X∞
R)/R
Id
−→ (
∏
X∞
R)/R = H2W,c(X , R˜).
We obtain (see [35] Section 7)
λ−1X (detZRΓW,c(X ,Z)) = (w/hR) · Z.
4.5.2. Projective spaces over number rings. Let OF be the ring of integers in a totally imagi-
nary number field F and let n ≥ 1. We set X = PnOF and d = dim(X ) = n+1. It follows easily
from Proposition 5.14 (or directly from (81) below and Theorem 5.1) that L(Xet, d) holds.
Proposition 4.15. For 2 ≤ i ≤ 2d+ 1, we have an exact sequence
0→ (Ki−2(OF )tor)
D → H iW (X ,Z)→ HomZ(Ki−1(OF ),Z)→ 0.
Proof. The localization sequence (see [20] Corollary 7.2(a))
...→ H i−2(Pn−1OF ,et,Z(d− 1))→ H
i(PnOF ,et,Z(d))→ H
i(AnOF ,et,Z(d))→ ...
is split by H i(AnOF ,et,Z(d))
∼
← H i(Spec(OF )et,Z(d)) → H
i(PnOF ,et,Z(d)) (see Lemma 5.11).
By induction, this yields the projective bundle formula
(81) H i(X et,Z(d)) ≃ H
i(Xet,Z(d)) ≃
n⊕
j=0
H i−2j(Spec(OF )et,Z(d− j)).
If 0 ≤ j ≤ n− 1, then H i−2j(Spec(OF )et,Z(d− j)) = 0 for i− 2j 6= 1, 2 (by Lemma 5.4) and
K2d−i(OF ) = K2(d−j)−(i−2j)(OF ) ≃ H
i−2j(Spec(OF ),Z(d−j)) ≃ H
i−2j(Spec(OF )et,Z(d−j))
for i− 2j = 1, 2 by Theorem 5.1(6) and (83).
We obtain H i(X et,Z(d)) ≃ K2d−i(OF ) for 1 ≤ i ≤ 2d − 1 and H
2d(X et,Z(d)) ≃ Cl(F ) =
K0(OF )tor. The result then follows from the exact sequence (see Proposition 2.10)
0→ H i(X et,Z)codiv → H
i
W (X ,Z)→ HomZ(H
2d+2−(i+1)(X et,Z(d))≥0,Z)→ 0
and from H i(X et,Z)codiv ≃ (H
2d+2−i(X et,Z(d))≥0,tor)
D for i ≥ 1 (see Lemma 2.5).

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Recall from [4] that Ki(OF ) is finitely generated for any i ≥ 0 and finite for i 6= 0 even. By
Proposition 4.15 and Proposition 2.10, H∗W (X ,Z) is given by the following identifications and
exact sequences:
H iW (X ,Z) = Z for i = 0,
= 0 for i = 1,
0→ Cl(F )D → H2W (X ,Z) → Hom(O
×
F ,Z)→ 0,
= µDF for i = 3,
0→ K2(OF )
D → H4W (X ,Z) → Hom(K3(OF ),Z)→ 0,
= (K3(OF )tor)
D for i = 5,
...
0→ K2n(OF )
D → H2n+2W (X ,Z) → Hom(K2n+1(OF ),Z)→ 0,
= (K2n+1(OF )tor)
D for i = 2n+ 3,
= 0 for i > 2n+ 3.
The long exact sequence
...→ H iW,c(X ,Z)⊗ R→ H
i
W (X ,Z)⊗ R→ H
i(X∞,Z)⊗ R→ ...
and Proposition 3.3 show that, for i ≥ 2, H iW,c(X ,Z) ⊗ R is canonically isomorphic to either
H iW (X ,Z)⊗ R or H
i−1(X∞,Z)⊗ R depending on the parity of i. Hence the acyclic complex
...
∪θ
−→ H iW,c(X ,Z)⊗ R
∪θ
−→ H i+1W,c(X ,Z)⊗ R
∪θ
−→ ...
is canonically isomorphic to
0 −→ (
∏
F →֒C
R)GR/R
R∗0−→ Hom(O×F ,R)
0
−→ (
∏
F →֒C
(2iπ)−1R)GR
R∗1−→ Hom(K3(OF ),R)
0
−→ ...
...
0
−→ (
∏
F →֒C
(2iπ)−nR)GR
R∗n−→ Hom(K2n+1(OF ),R)
0
−→ 0
where the isomorphisms R∗m are dual to the regulator maps. It follows (see [35] Section 7)
that λ−1X maps detZRΓW,c(X ,Z) to
(w/hR0) · (♯K3(OF )tor/♯K2(OF ) ·R1) · ... · (♯K2n+1(OF )tor/♯K2n(OF ) · Rn) · Z
where Rm is the Beilinson regulator (we follow the indexing of [33]). In view of
ζ∗(PnOF , 0) = ζ
∗
F (0) · ζ
∗
F (−1) · ... · ζ
∗
F (−n)
we see that Conjecture 4.2 for X = PnOF gives a cohomological reformulation of the classical
version of Lichtenbaum’s conjecture (see [33] 4.2). Note that Weil-étale cohomology gives
(conjecturally) the right 2-torsion for any number field, i.e. possibly with some real places
(see [33] 2.6). For example, if F/Q is abelian, then Conjecture 4.2 holds for X = PnOF and
any n ≥ 0 by Theorem 4.14.
5. Appendix
The goal of this section is to establish simple cases of Conjectures L(Xet, d) and B(X , d)
which are used in Section 4.4.
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5.1. Motivic cohomology of number rings. Let F be a number field and let OF be its ring
of integers. In order to ease the notations, in this subsection we denote by H i(OF ,Z(n)) :=
Hp(Spec(OF )Zar,Z(n)) and H
i
et(OF ,Z(n)) := H
p(Spec(OF )et,Z(n)) Zariski and étale hyper-
cohomology of the cycle complex Z(n) over Spec(OF ). We consider the spectral sequence
constructed by Levine (see [32] Spectral Sequence (8.8))
(82) Ep,q2 = H
p(OF ,Z(−q/2))⇒ K−p−q(OF ).
The aim of this subsection is to prove Theorem 5.1. It is well-known (see for example [30]
Proposition 2.1) that this result follows one way or another from the Bloch-Kato conjecture
(relating Milnor K-theory to Galois cohomology), which is proven in [46]. However, we could
not find a proof of Theorem 5.1 in the literature.
Theorem 5.1. The following assertions are true.
(1) For i ≤ 2, H iet(OF ,Z(1)) is finitely generated.
(2) For any n ≥ 0 and any i ∈ Z, H i(OF ,Z(n)) is finitely generated.
(3) For any n ≥ 2 and any i ∈ Z, H iet(OF ,Z(n)) is finitely generated.
(4) The edge morphisms from the spectral sequence (82) yield maps
ci,n : K2n−i(OF ) −→ H
i(OF ,Z(n))
for n ≥ 2 and i = 1, 2.
(5) The kernel and the cokernel of ci,n are both finite and 2-primary torsion.
(6) If F is totally imaginary, then the maps ci,n are isomorphisms.
Proof. The proof of Theorem 5.1 requires the following lemmas.
Lemma 5.2. Let n ≥ 2. If i 6= 1, 2, then
H iet(OF ,Z(n)) ≃ H
i−1
et (OF ,Q/Z(n)).
Proof. Applying the exact functor −⊗ZQ to the spectral sequence (82), we obtain a spectral
sequence with Q-coefficients. By [31] Theorem 11.7, (82) degenerates with Q-coefficients and
yields
H i(OF ,Q(n)) ≃ K2n−i(OF )
(n)
Q .
By Borel’s theorem [4],K2n−i(OF )Q = 0 for i even, i 6= 2n. Moreover, one hasK2n−i(OF )
(n)
Q =
0 for i odd, i 6= 1 (see [47] Theorem 47). SinceK0(OF )Q = K0(OF )
(0)
Q , this givesH
i(OF ,Q(n)) =
0 for i even, except for (i, n) = (0, 0), andH i(OF ,Q(n)) = 0 for i odd, except for i = 1. Lemma
5.2 then follows from the long exact sequence
...→ H iet(OF ,Z(n))→ H
i
et(OF ,Q(n))→ H
i
et(OF ,Q/Z(n))→ ...
and from the isomorphism H i(OF ,Q(n)) ≃ H
i
et(OF ,Q(n)) (see [17] Proposition 3.6). 
For a prime number p, we write jp : Spec(OF [1/p]) → Spec(OF ) for the obvious open
embedding, jp,∗ for the direct image functor with respect to the étale topology and Rjp,∗ for
its total derived functor.
Lemma 5.3. For n ≥ 2 one has an isomorphism in the derived category of étale sheaves on
Spec(OF ):
Q/Z(n) ≃
⊕
p
lim−→Rjp,∗µ
⊗n
pr
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where µpr is the étale sheaf of p
r-th roots of unity and the direct sum (respectively the colimit)
is taken over all prime numbers (respectively over r).
Proof. It is enough to showing that Z/prZ(n) = Rjp,∗µ
⊗n
pr for any prime number p. Using [20]
Corollary 7.2, [21] Theorem 8.5 and [17] Theorem 1.2(4), we obtain an exact triangle
ip,∗(ν
n−1
r )[−(n− 1)− 2]→ Z/p
rZ(n)→ Rjp,∗(µ
⊗n
pr )
where νnr = ν
n
pr = WΩ
n
r,log is the logarithmic de Rham-Witt sheaf, and ip is the closed
immersion of the points lying over p. But νn−1r is trivial on the finite field Fp := OF /p (for
p | p) because n− 1 ≥ 1. The result then follows from Q/Z(n) ≃
⊕
p lim−→Z/p
rZ(n). 
Lemma 5.4. The following assertions are true.
• If n ≥ 1 and i ≤ 0, then we have H iet(OF ,Z(n)) = 0.
• If n ≥ 2 and i ≥ 3, then H iet(OF ,Z(n)) is finite and 2-torsion.
• Assume that F is totally imaginary. If n ≥ 2 and i ≥ 3, then H iet(OF ,Z(n)) = 0.
Proof. In view of Z(1) ≃ Gm[−1] where Gm is the multiplicative group (see [20] Lemma 7.4),
the fact that H iet(OF ,Z(n)) = 0 for n ≥ 1 and i ≤ 0 follows immediately from Lemma 5.2
and Lemma 5.3.
We assume now that n ≥ 2. By [41] Theorem 5, the group H2et(OF [1/p], lim−→µ
⊗n
pr ) is of finite
exponent for any p 6= 2 (the colimit is taken over r). But H3et(OF [1/p], µ
⊗n
pr ) = 0 for p 6= 2 by
Artin-Verdier duality (see [37] Corollary 3.3), hence H2et(OF [1/p], lim−→µ
⊗n
pr ) is divisible. This
yields H2et(OF [1/p], lim−→µ
⊗n
pr ) = 0 for p 6= 2, since this group is both divisible and of finite
exponent. Moreover, we have
H iet(OF [1/p], lim−→µ
⊗n
pr ) = 0
for any i ≥ 3 and p 6= 2, again by Artin-Verdier duality. By [40] Corollary 4.4 and [40]
Proposition 4.6, for any i ≥ 2, we have H iet(OF [1/2], lim−→µ
⊗n
2r ) = (Z/2Z)
r1 for n − i odd and
H iet(OF [1/2], lim−→µ
⊗n
2r ) = 0 for n− i even, where r1 is the number of real places of F .
Using H iet(OF ,Q/Z(n)) ≃
⊕
p lim−→H
i
et(OF [1/p], µ
⊗n
pr ) (see Lemma 5.3), it then follows that
H iet(OF ,Q/Z(n)) is finite 2-torsion for i ≥ 2, andH
i
et(OF ,Q/Z(n)) = 0 for F totally imaginary
and i ≥ 2. We obtain the result using Lemma 5.2.

Proof of Theorem 5.1. The finite generation of H iet(OF ,Z(1)) for i ≤ 2 follows from Z(1) ≃
Gm[−1] (see [20] Lemma 7.4). Indeed, H
i
et(OF ,Gm) = 0 for i < 0, H
0
et(OF ,Gm) = O
×
F is
finitely generated and the class group H1et(OF ,Gm) = Cl(F ) is finite.
By [46] Theorem 6.16 and by [17] Theorem 1.2(2), the map
(83) H i(OF ,Z(n))
∼
−→ H iet(OF ,Z(n)),
induced by the morphism from the étale site to the Zariski site, is an isomorphism for i ≤ n+1.
Note that, for dimension reasons, we have H i(OF ,Z(n)) = 0 for i > n + 1. By Lemma 5.4,
we have H i(OF ,Z(n)) = 0 for n ≥ 1 and i ≤ 0. It follows that the edge morphisms from the
spectral sequence (82) give maps
ci,n : K2n−i(OF ) −→ H
i(OF ,Z(n))
for n ≥ 2 and i = 1, 2. This yields assertion (4) of Theorem 5.1.
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Let us prove assertion (2) of Theorem 5.1. The codomain of any non-trivial differential
dp,qr of the spectral sequence (82) at the Er-page for r ≥ 2 is a finite 2-torsion abelian group.
Moreover, for (p, q) fixed, the differential dp,qr is zero for r >> 0 big enough. Since E
p,q
∞ is a
sub-quotient of some K-group, it is finitely generated by [4]. It follows that Ep,q2 is finitely
generated for any p and any q. Hence H i(OF ,Z(n)) is finitely generated for any i and any n.
If F is totally imaginary, the spectral sequence (82) degenerates by Lemma 5.4 (any dif-
ferential at the E2-page has either trivial domain or trivial codomain), and the maps ci,n
are isomorphisms. This proves assertion (6) of Theorem 5.1. For an arbitrary number field
F , the spectral sequence (82) degenerates with Z[1/2]-coefficients by Lemma 5.4, and yields
isomorphisms
ci,n ⊗ Z[1/2] : K2n−i(OF )⊗ Z[1/2]
∼
−→ H i(OF ,Z(n))⊗ Z[1/2]
for n ≥ 2 and i = 1, 2. This proves assertion (5) of Theorem 5.1.
Finally, H iet(OF ,Z(n)) is finitely generated for n ≥ 2 and any i ∈ Z. Indeed, (83) is an
isomorphism for i ≤ n + 1 and H iet(X,Z(n)) is finite for i ≥ n + 2 ≥ 4 by Lemma 5.4. This
gives assertion (3) of Theorem 5.1.

Remark 5.5. Using arguments of Levine [31], one can determine most of the differentials of
the spectral sequence (82) (in particular (82) degenerates at E4), and obtain precise informa-
tion on the kernel and the cokernel of the map ci,n (see [31] Theorem 14.10).
5.2. Smooth projective varieties over finite fields. For a smooth projective scheme Y
over a finite field Fq, we consider the cohomology H
i(YW ,Z(n)) of the Weil-étale topos YW
with coefficients in Bloch’s cycle complex (see [34] and [18]). The following conjecture is due
to Lichtenbaum and Geisser.
Conjecture 5.6. L(YW , n) For any i ∈ Z, H
i(YW ,Z(n)) is finitely generated.
Following [43] and [18], we consider the full subcategory A(Fq) of the category of smooth
projective varieties over Fq generated by products of curves and the following operations:
(1) If X and Y are in A(Fq) then X
∐
Y is in A(Fq).
(2) If Y is in A(Fq) and there are morphisms c : X → Y and c
′ : Y → X in the category of
Chow motives, such that c′ ◦ c : X → X is multiplication by a constant, then X is in A(Fq).
(3) If Fqm/Fq is a finite extension and X ×Fq Fqm is in A(Fqm), then X is in A(Fq).
(4) If Y is a closed subscheme of X with X and Y in A(Fq), then the blow-up X
′ of X
along Y is in A(Fq).
Proposition 5.7. Let Y be a connected smooth projective scheme over a finite field Fq of
dimension d. The following assertions are true.
• We have L(YW , d)⇔ L(Yet, d).
• If Y belongs to A(Fq) then L(Yet, d) holds.
• If Y belongs to A(Fq) and n > d, then H
i(Yet,Z(n)) is finitely generated for any i ∈ Z.
Proof. By [18] Theorem 7.1, there is an exact sequence (for any n)
(84) ...→ H i(Yet,Z(n))→ H
i(YW ,Z(n))→ H
i−1(Yet,Q(n))→ H
i+1(Yet,Z(n))→ ...
which yields isomorphisms
(85) H i(YW ,Z(n))⊗Q ≃ H
i(YW ,Q(n)) ≃ H
i(Yet,Q(n))⊕H
i−1(Yet,Q(n)).
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Assume now that Conjecture L(YW , d) holds. By [18] Theorem 8.4, it follows from L(YW , d)
that we have an isomorphism
H i(YW ,Z(d))⊗ Zl ≃ H
i
cont(Y,Zl(d))
for any prime number l and any i. But for i 6= 2d, 2d+1, H icont(Y,Zl(d)) is finite for any l and
zero for almost all l (see [27] Proof of Corollaire 3.8 for references). Hence H i(YW ,Z(d)) is
finite for i 6= 2d, 2d + 1. Then (85) gives H i(Yet,Q(d)) = 0 for i < 2d, hence H
i(Yet,Q(d)) ≃
H i(Y,Q(d)) = 0 for i 6= 2d. The exact sequence (84) then shows that H i(Yet,Z(d)) →
H i(YW ,Z(d)) is injective for i ≤ 2d+1. Hence H
i(Yet,Z(d)) is finitely generated for i ≤ 2d+1.
This yields L(YW , d)⇒ L(Yet, d). Conversely, we have L(Yet, d)⇒ L(YW , d) by Theorem 2.13.
Consider now a variety Y ∈ A(Fq) of pure dimension d. The fact that L(YW , d) holds is
given by [18] Theorem 9.5. Let n > d. It follows from the proofs of [18] Theorems 9.4 and
9.5 that H i(Y,Q(n)) = 0 for any i < 2n. Moreover H i(Y,Q(n)) = 0 for any i ≥ 2n > n + d.
The last claim of the proposition then follows from (84) since H i(YW ,Z(n)) is known to be
finitely generated for any i ∈ Z by [18] Theorem 9.5.

5.3. The class L(Z). In this section we follow Geisser’s notation (see [20] Section 2) for the
cycle complex Zc(n). If X is a d-dimensional connected scheme which is proper over Z then
we have
(86) Zc(n) = Z(d− n)[2d].
Definition 5.8. Let X be a separated scheme of finite type over Spec(Z). We say that X
satisfies Lc(Xet) if one has:
• H i(Xet,Z
c(0)) is finitely generated for any i ≤ 0;
• H i(Xet,Z
c(n)) is finitely generated for any i ∈ Z and any n < 0.
Note that if X is a regular scheme connected of dimension d which is proper over Z, then
Lc(Xet)⇒ L(Xet, d) (see (86) above). We define below a class of (simple) arithmetic schemes
satisfying Property Lc(Xet). Let SFT (Z) be the category of separated schemes of finite type
over Spec(Z).
Definition 5.9. We denote by L(Z) the class of schemes of SFT (Z) generated by the following
objects:
• the empty scheme ∅;
• varieties Y ∈ A(Fq) for any finite field Fq;
• spectra of number rings Spec(OF );
and the following operations:
• (L0) Let Z →֒ X be a closed immersion with open complement U such that Z is regular
and proper. If two object of (Z,X,U) belong to L(Z) then so does the third.
• (L1) Let Z →֒ X be a closed immersion with open complement U ∈ L(Z). Then
X ∈ L(Z) if and only if Z ∈ L(Z).
• (L2) We have Xi ∈ L(Z) for 0 ≤ i ≤ p if and only if
∐
0≤i≤pXi ∈ L(Z).
• (L3) If V → U is an affine bundle and U belongs to L(Z), then so does V .
• (L4) Let {Ui → X, i ∈ I} be a finite surjective family of étale morphisms. If Ui0,...,ip
belongs to L(Z) for any (i0, ..., ip) ∈ I
p+1 and any p ≥ 0, then so does X.
In the statement of (L4), we write Ui0,...,ip := Ui0×X ...×X Uip as usual. In practice, we use
(L4) for a finite étale Galois cover U → X, in which case it is enough to check that U ∈ L(Z).
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Proposition 5.10. Any object X in the class L(Z) satisfies Lc(Xet).
We say that the property Lc is stable under operation (Li), if any scheme X ∈ SFT (Z)
constructed out of schemes Xα satisfying L
c(Xα,et) by operation (Li) also satisfies L
c(Xet).
Proof. By Theorem 5.1 (see also (86)), any number ring Spec(OF ) satisfies L
c(Spec(OF )et).
By Proposition 5.7, any variety Y ∈ A(Fq) satisfies L
c(Yet). It remains to check that the
property Lc is stable under operations (Li) for i = 0, ..., 4. By purity (see [20] Corollary 7.2),
we have a long exact sequence
...→ H i(Zet,Z
c(n))→ H i(Xet,Z
c(n))→ H i(Uet,Z
c(n))→ H i+1(Zet,Z
c(n))→ ...
for any open–closed decomposition U →֒ X ←֓ Z and any n ≤ 0. Moreover, if Z is regular
proper, then H1(Zet,Z
c(0)) is finitely generated. Indeed H1(Zet,Z
c(0)) = 0 if Z(R) = ∅ and
H1(Zet,Z
c(0)) is a finite dimensional Z/2Z-vector space otherwise (see Lemma 2.3). It follows
that the property Lc is stable under operations (L0) and (L1).
The fact that Lc is stable under operation (L2) is obvious since cohomology respects finite
direct sums. It is stable under operation (L3) by Lemma 5.11.
Let {Ui → X, i ∈ I} be a finite étale covering family. We write Xp =
∐
(i0,...,ip)∈Ip+1
Ui0,...,ip
for p ≥ 0. The Cartan-Leray spectral sequence
(87) Ep,q1 = H
q(Xp,et,Z
c(n)) =⇒ Hp+q(Xet,Z
c(n))
converges by Lemma 5.12. Indeed Lemma 5.12 implies that Hq(Xp,et,Z
c(n)) is a Q-vector
space for q < −2 · dim(X), which must be trivial since Hq(Xp,et,Z
c(n)) is assumed to be
a finitely generated abelian group. The spectral sequence (87) then shows that Lc is stable
under operation (L4).

Lemma 5.11. Let X be separated of finite type over Spec(Z) and let f : ArX,et → Xet be the
natural map. Then one has Rf∗Z
c(n) ≃ Zc(n− r)[2r] for any n ≤ 0.
Proof. Since Zc(n) satisfies étale cohomological descent for n ≤ 0 (see [20] Theorem 7.1), one is
reduced to show the analogous statement for the Zariski topology. Using [17] Corollary 3.4, the
result follows from the homotopy formula Rp∗Z
c(n) ≃ Zc(n− 1)[2], where p : A1Y,Zar → YZar
is the natural map and Y is defined over a field (see [17] Corollary 3.5). 
One defines Z/mZc(n) = Zc(n)⊗Z/mZ ≃ Zc(n)⊗LZ/mZ (since Zc(n) is a complex of flat
sheaves) and Q/Zc(n) = lim−→Z/mZ
c(n). Note that in the situation of Lemma 5.11 one has
(88) Rf∗Q/Z
c(n) ≃ Q/Zc(n− r)[2r].
Indeed, applying Lemma 5.11, the functor −⊗LZ/mZ and passing to the limit, we obtain (88).
Here we use the fact that Rf∗ commutes with filtered inductive limits (since X is separated
of finite type over Spec(Z)).
Lemma 5.12. Let X be separated of finite type over Spec(Z) and let n ≤ 0. Then
H i(Xet,Q/Z
c(n)) = 0
for i < −2 · dim(X).
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Proof. Replacing X with A−nX , we may assume n = 0 by (88). There exists a finite étale
covering family {Vi → Spec(Z)} such that Vi(R) = ∅, hence a finite étale covering family
{Ui → X} such that Ui is defined over Spec(OKi) for some totally imaginary number field Ki.
If the result is known for the Ui0,...,ip’s, then it follows for X by the spectral sequence
Ep,q1 = H
q(Xp,et,Q/Z
c(n)) =⇒ Hp+q(Xet,Q/Z
c(n))
where Xp =
∐
(i0,...,ip)∈Ip+1
Ui0,...,ip and Ui0,...,ip = Ui0 ×X ...×X Uip is of dimension ≤ dim(X).
So we may assume that X is defined over Spec(OK) for some totally imaginary number field
K. We have an isomorphism of finite groups ([20] Theorem 7.8)
(89) H1−i(Xet,Z/mZ
c(0)) = H ic(Xet,Z/mZ)
D
where the right hand side is the Pontryagin dual of H ic(Xet,Z/mZ) (here H
i
c(Xet,−) denotes
usual étale cohomology with compact support). Take a Nagata compactification of X over
Spec(OK), i.e. an open immersion j : X →֒ X
′ with dense image such that X ′ is proper over
Spec(OK). Note that X
′(R) = ∅ hence X ′ is of l-cohomological dimension 2 · dim(X) + 1 for
any prime number l (see [24] X Theorem 6.2). We obtain
H ic(Xet,Z/mZ) = H
i(X ′et, j!Z/mZ) = 0 for i > 2 · dim(X) + 1
hence H i(Xet,Z/mZ
c(0)) = 0 for i < −2 · dim(X) by (89). Now the result follows from
H i(Xet,Q/Z
c(0)) = lim−→H
i(Xet,Z/mZ
c(0))
which is valid since the étale site of X is notherian (X is separated of finite type). 
The class L(Z) contains singular schemes. For example, it easy to see that any proper curve
(possibly singular) over a finite field lies in L(Z).
5.4. Geometrically cellular schemes.
Definition 5.13. Let k be a field and let Y be a scheme separated and of finite type over k.
We say that the k-scheme Y has a cellular decomposition if there exists a filtration of Y by
reduced closed subschemes
(90) Y red = YN ⊇ YN−1 ⊇ ... ⊇ Y−1 = ∅
such that Yi \ Yi−1 ≃ A
ai
k is k-isomorphic to an affine space over k. We say that (90) is a
smooth cellular decomposition if Yi is moreover smooth over k for any i ≥ 0.
The k-scheme Y is geometrically cellular if Y ⊗k k¯ has a cellular decomposition, where k¯
is a separable closure of k.
An S-scheme X → S separated and of finite type is geometrically cellular if the fiber Xs is
geometrically cellular for any s ∈ S.
One can easily show that a k-scheme Y is geometrically cellular if and only if there exists a
finite Galois extension k′/k such that Y ⊗kk
′ is cellular. It follows from the proof of Proposition
5.14 below that any geometrically cellular scheme over a finite field belongs to L(Z). More
generally, any geometrically cellular scheme over a number ring belongs to L(Z).
Proposition 5.14. Let X → Spec(OF ) be flat, separated and of finite type over a number
ring OF , such that XF is geometrically cellular. The following conditions are equivalent.
• For any finite prime p of F , Xp ∈ L(Z).
• X ∈ L(Z).
Here we set XF := X ⊗OF F and Xp := X ⊗OF (OF /p).
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Proof. By assumption there exists a finite Galois extension K/F such that XK is cellular. We
write
(X ⊗OF K)
red = YN ⊇ YN−1 ⊇ ... ⊇ Y−1 = ∅
such that Yi \ Yi−1 ≃ A
ai
K and we consider the closure Yi of Yi in X ⊗OF OK , where Yi is
endowed with its structure of reduced closed subscheme. We obtain an isomorphism
(Yi \ Yi−1)⊗OK K ≃ Yi \ Yi−1 ≃ A
ai
K
and it follows that there exist an open Spec(OK,Si) ⊆ Spec(OK) and an isomorphism over
Spec(OK,Si)
(Yi \ Yi−1)⊗OK OK,Si ≃ A
ri
OK,Si
.
Now we take a finite set S ⊇ ∪Si big enough so that Spec(OK,S) → Spec(OF,S) is an étale
Galois cover of group G. Here S also denotes its image in Spec(OF ). Then we set Yi =
Yi ⊗OK OK,S and we obtain a filtration by (reduced) closed subschemes
(X ⊗OF OK,S)
red = YN ⊇ YN−1 ⊇ ... ⊇ Y−1 = ∅
such that Yi \ Yi−1 ≃ A
ri
OK,S
. But Spec(OK,S) belongs to L(Z) by (L0), hence so does A
ri
OK,S
by (L3), hence so does X⊗OF OK,S by induction and (L1). Notice that a scheme X ∈ SFT (Z)
belongs to L(Z) if and only if Xred does: this follows from (L1) since ∅ ∈ L(Z).
Moreover
X ⊗OF OK,S −→ X ⊗OF OF,S
is a finite étale Galois cover, hence X ⊗OF OF,S lies in L(Z) by (L4). Therefore, we have
∀p ∈ S, Xp ∈ L(Z)⇐⇒ XS =
∐
p∈S
Xp ∈ L(Z)⇐⇒ X ∈ L(Z)
by (L2) and (L1). One may enlarge the finite set S so as to include any given p. 
In order to obtain a more functorial formulation of Conjecture 1.4 (which implies B(X , d))
we use results and notations of [25]. We denote by Ĥn(X ,R(p)) Arakelov motivic cohomology
with real coefficients in the sense of [25] Remark 4.7. These groups are defined following
the construction of [25] using the spectrum HB ⊗ R instead of HB so that there is an exact
sequence (see [25] Theorem 4.5 (ii))
...→ Ĥn(X ,R(p))→ Hn(X ,Q(p))R → H
n
D(X/R,R(p))→ ...
at least for X an l.c.i. scheme over a number ring in the sense of ([25] Definition 2.3), where
X = XQ. Here we use the identification H
n(X ,Q(p))R ≃ K2p−n(X )
(p)
R for X regular ([32]
Theorem 11.7). Let X be an l.c.i. scheme over a number ring. If X is moreover proper,
regular, connected and d-dimensional then Conjecture 1.4 for X is equivalent to
(91) Ĥn(X ,R(d)) = 0 for n 6= 2d and Ĥ2d(X ,R(d)) = R.
If the (proper, regular, connected and d-dimensional) scheme X lies over a finite field, we say
that X satisfies Conjecture 1.4 if (91) holds, i.e. if one has
Hn(X ,Q(d)) = 0 for n 6= 2d and H2d(X ,Q(d)) = Q.
Note that for X (proper, regular, connected and d-dimensional) over a finite field one has
(92) L(Xet, d)⇒ Conjecture 1.4 for X .
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Proposition 5.15. Let X be a smooth and projective scheme over the number ring OX (X ) =
OF . Assume that X ∈ L(Z) and that XF admits a smooth cellular decomposition. Then X
satisfies Conjecture 1.4. In particular, B(X , d) holds, where d = dim(X ).
Proof. By assumption there exist a filtration
XF = YN ! YN−1 ! ... ! Y0 ! Y−1 = ∅
by smooth closed subschemes Yi and isomorphisms Yi \ Yi−1 ≃ A
ai
F . As in the proof of
Proposition 5.14, one can show that there exist an open subscheme U ⊂ Spec(OF ), a filtration
XU = YN ! YN−1 ! ... ! Y0 ! Y−1 = ∅
and U -isomorphisms Yi \ Yi−1 ≃ A
ai
U such that the following holds. One has Yi ⊗U F ≃ Yi,
the scheme Yi is a closed subscheme of Yi+1, and Yi is smooth over U .
By ([36] Corollary 5.3.17) XF is smooth and connected, hence irreducible. This gives
CH0(XF ) = Z. On the other hand, there is a direct sum decomposition h(XF ) =
⊕
0≤i≤N h(F )(−ai)
in the category of Chow motives ([5] Theorem 3.1). It follows that there exists a unique index
0 ≤ i0 ≤ N such that ai0 = 0. But XF is proper (over F ), hence so is Y0 ≃ A
a0
F , hence i0 = 0.
The (absolute) dimension yields a locally constant map di : Yi → Z. We define ci : Yi → Z
similarly: Let y ∈ Yi and let Yi,y (resp. Yi+1,y) be the connected component of Yi (resp. of
Yi+1) containing y. Then we define ci(y) = codim(Yi,y,Yi+1,y) and
Ĥn−2ci(Yi,R(di)) :=
⊕
y∈π0(Yi)
Ĥn−2ci(y)(Yi,y,R(di(y)))
For any 0 ≤ i ≤ N we have a long exact sequence (see [25] Theorem 4.16 (iii))
...→ Ĥn−2ci−1(Yi−1,R(di−1))→ Ĥ
n(Yi,R(di))→ Ĥ
n(Yi \ Yi−1,R(di))→ ...
Notice that the locally constant function di is constant on Yi \Yi−1 ≃ A
ai
U with constant value
ai + 1. But for i ≥ 1, one has ai > 0 and
Ĥn(Yi \ Yi−1,R(di)) ≃ Ĥ
n(AaiU ,R(ai + 1)) = Ĥ
n(U,R(ai + 1)) = 0 for all n.
Indeed, the second equality is given by ([25] Theorem 4.16 (ii)) and the vanishing of Ĥn(U,R(ai+
1)) for ai > 0 follows from the fact that U is of the form Spec(OF,S) since the Beilinson reg-
ulator
Hn(Spec(OF,S),Q(ai + 1))R
∼
−→ Hn(Spec(F ),Q(ai + 1))R
∼
−→ HnD(Spec(F )/R,R(ai + 1))
is an isomorphism for ai > 0 and all n. We obtain an identity
Ĥn−2ci−1(Yi−1,R(di−1)) ≃ Ĥ
n(Yi,R(di)) for all n.
Notice that Y0 ≃ V and that d0 and
∑i=N−1
i=0 ci are both constant on Y0 with constant value
1 and d− 1 respectively. An induction on i yields
(93) Ĥn(XU ,R(d)) ≃ Ĥ
n−2d+2(Y0,R(1)) ≃ Ĥ
n−2d+2(U,R(1)) for all n.
Using (93), the fact that U is of the form Spec(OF,S) (with S 6= ∅) and well known facts
concerning the Dirichlet regulator, we obtain Ĥn(XU ,R(d)) = 0 for n 6= 2d − 1 and an exact
sequence
0→ Ĥ2d−1(XU ,R(d))→
∏
p∈S
R→ R→ 0
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where S denotes the closed complement of U in Spec(OF ). For any finite prime p of F , Xp
is (geometrically) connected (see [36] Corollary 5.3.17) of dimension d − 1. By Propositions
5.14 and 5.10, Xp satisfies L(Xp,et, d − 1) hence Xp satisfies Conjecture 1.4 by (92). We set
XS :=
∐
S Xp. The fact that Ĥ
n−2(XS,R(d− 1)) = 0 for n 6= 2d and the long exact sequence
...→ Ĥn−2(XS ,R(d− 1))→ Ĥ
n(X ,R(d))→ Ĥn(XU ,R(d))→ ...
then give Ĥn(X ,R(d)) = 0 for n 6= 2d, 2d− 1. The result follows from the fact that there is a
morphism of exact sequences
0 // Ĥ2d−1(X ,R(d))

// Ĥ2d−1(XU ,R(d))
=

// Ĥ2d−2(XS ,R(d− 1))
≃

// Ĥ2d(X ,R(d)) //

0
0 // 0 // Ĥ2d−1(XU ,R(d)) //
∏
p∈S
R // R // 0

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